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ON UNIFORM LOWER BOUND OF THE GALOIS IMAGES
ASSOCIATED TO ELLIPTIC CURVES
KEISUKE ARAI
Abstract. Let p be a prime and K be a number field. Let ρE,p : GK −→
Aut(TpE) ∼= GL2(Zp) be the Galois representation given by the Galois action
on the p-adic Tate module of an elliptic curve E over K. Serre showed that
the image of ρE,p is open if E has no complex multiplication. For an elliptic
curve E over K whose j-invariant does not appear in an exceptional finite set,
we give an explicit uniform lower bound of the size of the image of ρE,p.
1. Introduction
Let k be a field of characteristic 0, and let Gk = Gal(k/k) be the absolute Galois
group of k where k is an algebraic closure of k. Let p be a prime number. For an
elliptic curve E over k, let TpE be the p-adic Tate module of E, and let
ρE,p : Gk −→ Aut(TpE) ∼= GL2(Zp)
be the p-adic representation determined by the action of Gk on TpE. By a number
field we mean a finite extension of Q.
We recall a famous theorem proved by Serre:
Theorem 1.1. ([17, IV-11]) Let K be a number field, E be an elliptic curve over
K with no complex multiplication and p be a prime. Then the representation ρE,p
has an open image i.e. there exists a positive integer n depending on K, E and p
such that
ρE,p(GK) ⊇ 1 + pnM2(Zp).
In this paper, we show that there exists a uniform bound of such n if we let E
vary for fixed K and p.
Theorem 1.2. Let K be a number field and p be a prime. Then there exists a
positive integer n depending on K and p such that for any elliptic curve E over K
with no complex multiplication, we have
ρE,p(GK) ⊇ 1 + pnM2(Zp).
We will deduce Theorem 1.2 from the following more precise result of this paper
in Proposition 2.10. We use the following conventions:
1 + p0Zp := Z
×
p ,
1 + p0M2(Zp) := GL2(Zp),
1 + p0M2(Z/pZ) := GL2(Z/pZ).
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Theorem 1.3. For a prime p, there exists an integer n ≥ 0 satisfying the following
condition (C)p.
(C)p: Let K be a number field. Then there exists a finite subset Σ ⊆ K depending
on p such that for an elliptic curve E over K, the condition j(E) 6∈ Σ implies
ρE,p(GK) ⊇ (1 + pnM2(Zp))det=1.
Let n(p) ≥ 0 be the minimum integer n satisfying (C)p. Then we have
n(p) ≤

0 if p ≥ 23,
1 if p = 19, 17, 13, 11,
2 if p = 7,
3 if p = 5,
5 if p = 3,
11 if p = 2.
The estimate in Theorem 1.3 is best possible for p ≥ 7.
Corollary 1.4. We have
n(p) =

0 if p ≥ 23,
1 if p = 19, 17, 13, 11,
2 if p = 7.
Proof. Since g(X0(19)) = 1, the integer n(19) cannot be 0. We also have g(X0(17)) =
1, g(X0(13)) = 0, g(X0(11)) = 1 and g(X0(7
2)) = 1. Thus we get the result in a
similar way.

Remark 1.5. If p ≥ 23 and{
K + (the quadratic subfield of Q(ζp)) when p 6≡ ±3 mod 8,
there exists an inclusion K →֒ Qp when p ≡ ±3 mod 8,
then the result of Theorem 1.3 follows from [3, Theorem 7; 21, Proposition 1.40,
1.43; 9, p.116-118].
If p = 17, 19 and K = Q, the result of Theorem 1.3 follows from [3, Theorem 7;
8, Theorem (4.1); 9, p.116-118].
If p = 2 and K = Q, the Galois image is studied in [14], assuming that an elliptic
curve has no complex multiplication, and all its 2-torsion points are rational.
Remark 1.6. There are many other studies of the Galois images associated to ellip-
tic curves over number fields or of rational points on modular curves in [2,4,6,7,10-
13,15,16,18,20]. Several questions related to the subject of this paper are raised in
[19, p.187].
The contents of this paper are as follows:
In Section 2, we deduce Theorem 1.2 from Theorem 1.3 by studying the deter-
minants.
In Section 3, we regard elliptic curves as rational points on modular curves, and
reduce Theorem 1.3 to a genus estimate. Replacing K by its finite extension, we
may assume that K contains a primitive pn(p)+1-st root ζpn(p)+1 of unity. Suppose
an elliptic curve E/K does not satisfy ρE,p(GK) ⊇ (1 + pn(p)M2(Zp))det=1. Then
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we have ρE,p(GK) mod p
n(p)+1 ⊆ H for some subgroup H ⊆ SL2(Z/pn(p)+1Z)
satisfying H + (1 + pn(p)M2(Z/pn(p)+1Z))det=1. Thus E/K determines a rational
point on the modular curve XH corresponding to H . If the genus g(XH) of XH
is greater than or equal to 2, we conclude that XH has only finitely many ratio-
nal points by Mordell’s conjecture ([3, Theorem 7]). Since there are only finitely
many subgroups H as above, the number of the j-invariants of E/K not satisfying
ρE,p(GK) ⊇ (1 + pn(p)M2(Zp))det=1 is finite. Thus Theorem 1.3 will follow.
In Section 4 - 7, we prove g(XH) ≥ 2. In section 4, we prepare for estimating
g(XH). Put G = SL2(Z/pn(p)+1Z), σ =
(
0 1
−1 0
)
, τ =
(
1 1
−1 0
)
, u =
(
1 1
0 1
)
.
For α ∈ G, let Conj(α) be the conjugacy class containing α. If H ∋ −1, we have
g(XH) = 1 +
1
12
[G : H ]
(
1− 3 ♯H ∩ Conj(σ)
♯Conj(σ)
− 4 ♯H ∩ Conj(τ)
♯Conj(τ)
− 6 ♯〈u〉\G/H
[G : H ]
)
.
We calculate the number of elements conjugate to σ, τ, u contained in maximal
subgroups of SL2(Z/pZ).
In Section 5, we calculate the number of elements conjugate to σ, τ, u contained
in SL2(Z/pnZ), and study the fiber of the mod pm map SL2(Z/pnZ)∩Conj(α) −→
SL2(Z/pmZ) ∩ Conj(α), where 1 ≤ m ≤ n and α = σ, τ, u. For integers 1 ≤
m ≤ n, let fn,m : SL2(Z/pnZ) −→ SL2(Z/pmZ) be the mod pm map. If m <
n ≤ 2m and α = σ, τ, u, we see that α−1(f−1n,m(α) ∩ Conj(α)) is a subgroup of
(1 + pmM2(Z/pnZ))det=1 ∼= M2(Z/pn−mZ)Tr=0 and isomorphic to (Z/pn−mZ)2.
In Section 6, we control the number of elements conjugate to σ, τ, u contained in
H , by combining the result of Section 5 with the propertyH + (1+pn(p)M2(Z/pn(p)+1Z))det=1.
In Section 7, we prove g(XH) ≥ 2 by using the results of Section 4, 5, 6.
I would like to thank my supervisor Professor Takeshi Saito for helpful advice
and warm encouragement. This work was partly supported by 21st Century COE
Program in The University of Tokyo, A Base for New Developments of Mathematics
into Science and Technology.
2. Deduction of Theorem 1.2
In order to deduce Theorem 1.2 from Theorem 1.3, we need some facts in group
theory.
Lemma 2.1. Let p be a prime and H be a closed subgroup of GL2(Zp). Then H
contains SL2(Zp) if and only if H mod p2 contains SL2(Z/p2Z). In particular, if a
subgroup H ′ ⊆ SL2(Z/pnZ) for n ≥ 3 maps surjectively mod p2 onto SL2(Z/p2Z),
then H ′ = SL2(Z/pnZ).
Assume p ≥ 5. Then H contains SL2(Zp) if and only if H mod p contains
SL2(Z/pZ). In particular, if a subgroup H ′ ⊆ SL2(Z/pnZ) for n ≥ 2 maps surjec-
tively mod p onto SL2(Z/pZ), then H ′ = SL2(Z/pnZ).
Proof. See [17, IV-23].

Lemma 2.2. Let n ≥ 1 be an integer and let p be a prime. If p = 2, assume
n ≥ 2. Let H be a closed subgroup of GL2(Zp). Then H contains 1 + pnM2(Zp)
(resp. (1+pnM2(Zp))det=1) if and only if H mod pn+1 contains 1+pnM2(Z/pn+1Z)
(resp. (1 + pnM2(Z/pn+1Z))det=1).
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Proof. The “only if” part is trivial.
AssumeH mod pn+1 contains 1+pnM2(Z/pn+1Z). We will show thatH contains
1+pnM2(Zp). For each s ∈ 1+pnM2(Zp) and for any a ≥ 1, we will find an element
xa ∈ H with xa ≡ s mod pn+a. Then s = (xa mod pn+a)a≥1 ∈ H , as desired. We
show the existence of xa’s by induction on a. For a = 1, it follows from the
assumption. Assume it is true for a (≥ 1) i.e. H mod pn+a ⊇ 1 + pnM2(Z/pn+aZ).
We first show that for s ∈ 1 + pnM2(Zp) with s ≡ 1 mod pn+a, there exists x ∈ H
with x ≡ s mod pn+a+1. We write s = 1 + pn+au with some u ∈ M2(Zp). By
the hypothesis of induction, we find y := 1 + pn+a−1u + pn+av ∈ H for some
v ∈ M2(Zp). Put x := yp. Then x ∈ H and x = 1 + pn+au + pn+a+1 · · · ≡
s mod pn+a+1. For a general s ∈ 1 + pnM2(Zp), the induction hypothesis shows
that (s mod pn+a)−1 ∈ H mod pn+a. Hence we have st ≡ 1 mod pn+a for some
t ∈ H . By the above argument, we find x ∈ H with x ≡ st mod pn+a+1. Therefore
s ≡ t−1x mod pn+a+1 and t−1x ∈ H .
For the “det = 1” version, it follows from the same argument as in the previous
lemma ([17, IV-23]).

Lemma 2.3. Let n ≥ 1 be an integer. Let H be a subgroup of GL2(Zp) containing
1 + pnM2(Zp), and H ′ be a closed subgroup of GL2(Zp) which is a subgroup of
H of index 2. If p ≥ 3, then H ′ ⊇ 1 + pnM2(Zp); if p = 2 and n ≥ 2, H ′ ⊇
1 + pn+1M2(Zp).
Proof. For any X ∈ M2(Zp), we have H ∋ 1 + pnX and H ′ ∋ (1 + pnX)2 =
1 + 2pnX + p2nX2. This implies H ′ mod pn+1 ⊇ 1 + pnM2(Z/pn+1Z) if p ≥ 3
(resp. H ′ mod pn+2 ⊇ 1 + pn+1M2(Z/pn+2Z) if p = 2 and n ≥ 2). Since H ′ is
closed, applying the previous lemma, we get the result.

Corollary 2.4. Let H ⊆ GL2(Zp) be a closed subgroup. If 〈H, −1〉 ⊇ 1+pnM2(Zp)
for some integer n ≥ 1, then
H ⊇
{
1 + pnM2(Zp) if p ≥ 3,
1 + pn+1M2(Zp) if p = 2 and n ≥ 2.
Lemma 2.5. Let n ≥ 1 be an integer and assume p ≥ 3. Let H be a subgroup of
GL2(Z/pn+1Z). If det(H) = (Z/pn+1Z)×, then
det |H∩(1+pnM2(Z/pn+1Z)) : H ∩ (1 + pnM2(Z/pn+1Z)) −→ 1 + pnZ/pn+1Z
is surjective.
Proof. We first show the surjectivity when n = 1. Let x ∈ H be an element such
that det x is a generator of (Z/p2Z)×. Put x := x mod p and a := ordx. We
first show (p, a) = 1. Since det x generates F×p , x is not a scalar. We consider the
commutative subalgebra Fp[x] of M2(Fp). If we put t := Tr x and d := detx, then
x2 − tx + dE = 0 and Fp[x] ∼= Fp[X ]/(X2 − tX + d). X2 − tX + d does not have
multiple roots because d generates F×p . Hence we have Fp[x] ∼= Fp × Fp or Fp2 .
Therefore, x ∈ Fp[x]× ∼= F×p × F×p or F×p2 and (p, a) = 1.
Since xa = 1, xa ∈ 1+pM2(Z/p2Z). Therefore, ordxa = 1 or p, and ord (detx)a =
ord (detxa) = 1 or p. Thus, we have ord (detx)a = ord (detxa) = p because
p|ord (det x) and (p, a) = 1. Hence, detxa is a generator of 1 + pZ/p2Z.
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Next we show the surjectivity for general n ≥ 1. Since det |H mod p2 = (det |H) mod
p2 is surjective, there exists an element y ∈ (H mod p2) ∩ (1 + pM2(Z/p2Z)) such
that det y is a generator of 1 + pZ/p2Z. We choose a lift y˜ ∈ H of y. Then
y˜ ∈ 1 + pM2(Z/pn+1Z). Taking the pn−1-st power, we have y˜pn−1 ∈ H ∩ (1 +
pnM2(Z/pn+1Z)). Since det y = det y˜ mod p2 generates 1 + pZ/p2Z, we can write
det y˜ = 1 + pz for some z ∈ (Z/pn+1Z)×. Therefore det y˜pn−1 = 1 + pnz generates
1 + pnZ/pn+1Z.

Lemma 2.6. Take two integers n > r ≥ 1. If p = 2, assume r ≥ 2. Let H be a
subgroup of GL2(Z/pn+1Z). If det(H) contains 1 + prZ/pn+1Z and if H contains
(1 + pn−rM2(Z/pn+1Z))det=1, then
det |H∩(1+pnM2(Z/pn+1Z)) : H ∩ (1 + pnM2(Z/pn+1Z)) −→ 1 + pnZ/pn+1Z
is surjective. In particular, H contains 1 + pnM2(Z/pn+1Z).
Proof. Let x ∈ H be an element such that detx is a generator of 1 + prZ/pn+1Z.
Put y := x(p−1)
2(p+1). We see that y is also a generator of 1 + prZ/pn+1Z
and y belongs to a p-Sylow subgroup of GL2(Z/pn+1Z), which is conjugate to{(
1 + p∗ ∗
p∗ 1 + p∗
)}
. We can write y = 1+pz+ǫ, where ǫ is conjugate to
(
0 ∗
0 0
)
.
Put w := yp
n−r
. We see that w belongs to 1+pn−rM2(Z/pn+1Z) and detw is a gen-
erator of 1+pnZ/pn+1Z. Multiplying w by elements of (1+pn−rM2(Z/pn+1Z))det=1,
we get an element h ∈ H ∩ (1 + pnM2(Z/pn+1Z)) such that det h generates 1 +
pnZ/pn+1Z.

Corollary 2.7. Let H ⊆ GL2(Zp) be a closed subgroup and n, r ≥ 0 be integers.
Assume r ≥ 2 if p = 2. If H ⊇ (1 + pnM2(Zp))det=1 and if det(H) ⊇ 1 + prZp,
then H ⊇ 1 + pn+rM2(Zp).
Proof. By Lemma 2.2, it suffices to show the result mod pn+r+1. If n = 0, it is
trivial. Assume n ≥ 1. If r = 0, it follows from Lemma 2.5. If r ≥ 1, it follows
from Lemma 2.6.

As a consequence of Theorem 1.3, we get the following.
Theorem 2.8. Let K be a number field, p be a prime. Let n(p), Σ be as in Theorem
1.3. Suppose that the image of the p-adic cyclotomic character χp : GK −→ Z×p
contains 1 + prZp with r ≥ 0 an integer. Assume r ≥ 2 if p = 2. Put
n = r + n(p).
Then for an elliptic curve E over K, the condition j(E) 6∈ Σ implies ρE,p(GK) ⊇
1 + pnM2(Zp).
Proof. It follows from Theorem 1.3 and Corollary 2.7.

We show that there exists a lower bound of the images of ρE,p if we take E’s
having only finitely many j-invariants.
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Lemma 2.9. Let K be a number field. Fix an element j ∈ K. Assume that an
elliptic curve E over K with j-invariant j has no complex multiplication. Take a
prime p. Then there exists a positive integer n depending on p and j such that for
any elliptic curve E over K with j-invariant j, we have ρE,p(GK) ⊇ 1+pnM2(Zp).
Proof. Take an E/K with j-invariant j. By Theorem 1.1, we have ρE,p(GK) ⊇
1 + pn0M2(Zp) for some n0. Let E′/K have j-invariant j. Since E has no complex
multiplication, we have j 6= 0, 1728. Hence there exists a quadratic extension L of
K satisfying E ⊗K L ∼= E′ ⊗K L (see [22, p.308]). Therefore ρE,p(GL) is conjugate
to ρE′,p(GL). Since [ρE,p(GK) : ρE,p(GL)] is 1 or 2, applying Lemma 2.3, we get
the result.

Now we can deduce Theorem 1.2 from Theorem 1.3 and some facts in group
theory.
Proposition 2.10. Theorem 1.3 and Lemma 2.9 imply Theorem 1.2.
Proof. Theorem 1.3 implies Theorem 2.8. Since Σ is a finite set, elliptic curves E
over K with j(E) ∈ Σ have bounded Galois images by Lemma 2.9.

3. Modular curves
We regard an elliptic curve with a specific Galois image as a rational point on a
certain modular curve, and reduce Theorem 1.3 to a genus estimate.
Now we give a brief review of modular curves. For more details, see [1,5]. Let
N be a positive integer and k be a field of characteristic 0. For an elliptic curve
E over k and an integer N ≥ 1, let E[N ] = Ker ([N ] : E −→ E) be the kernel
of multiplication by N on E, and let ρE,N : Gk −→ Aut(E[N ](k)) ∼= GL2(Z/NZ)
be the mod N representation determined by the action of Gk on E[N ](k). A level
N -structure on E is an isomorphism
γ : (Z/NZ)2 −→ E[N ].
Let Y (N) −→ Spec(Q(ζN )) be the moduli of elliptic curves with level N -structure.
We have a right action of G = SL2(Z/NZ) on Y (N) over Q(ζN ) :
[E, γ] 7→ [E, γ ◦ h]
where E is an elliptic curve over k, γ a level N -structure on E and h ∈ G.
For a subgroup H ⊆ G, put YH to be the quotient Y (N)/H . The quotient
YH −→ Spec(Q(ζN )) is an affine smooth curve. Let E be an elliptic curve over k.
Choose a basis 〈ǫ1, ǫ2〉 of E[N ](k). Then the pair (E, 〈ǫ1, ǫ2〉) defines an element
P of Y (N)(k). Let Q ∈ YH(k) be the image of P via the map Y (N)(k) −→
YH(k) induced by the natural map Y (N) −→ YH . If ρE,N(Gk) ⊆ H with respect
to 〈ǫ1, ǫ2〉, then Q lies in YH(k). Note that if two subgroups H, H ′ ⊆ G are
GL2(Z/NZ)-conjugate, then YH and YH′ are conjugate.
Lemma 3.1. Let k be a field of characteristic 0. If YH(k) is finite, then there
exists a finite set Σ ⊆ k satisfying the following condition:
For an elliptic curve E over k, if a conjugate of ρE,N (Gk) is contained in H,
then j(E) ∈ Σ.
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Let XH be the smooth compactification of YH . The following is the famous
theorem known as Mordell’s conjecture proved by Faltings. It shows that a curve
X over a number field has only finitely many rational points if its genus g(X) is
greater than or equal to 2.
Theorem 3.2. ([3, Theorem 7]) Let K be a number field and X/K be a proper
smooth curve. If g(X) ≥ 2, then X(K) is finite.
Now we compute the genus of XH explicitly. As in Section 1, put
σ :=
(
0 1
−1 0
)
, τ :=
(
1 1
−1 0
)
, u :=
(
1 1
0 1
)
∈ SL2(Z).
We have ordσ = 4 and ord τ = 6. Note that σ−1 =
(
0 −1
1 0
)
and τ−1 =
(
0 −1
1 1
)
.
For α ∈ SL2(Z), we also use the same letter to denote the reduction of α. Put
Fixα := {gH ∈ G/H |αgH = gH}
and
gH := 1 +
1
12
♯G/H − 1
4
♯Fixσ − 1
3
♯Fixτ − 1
2
♯I\G/H.
Here I is the cyclic subgroup of G generated by u =
(
1 1
0 1
)
.
Proposition 3.3. ([21, Proposition 1.40]) Let H be a subgroup of G = SL2(Z/NZ).
Assume that H contains −1. Then the genus g(XH) of the modular curve XH is
given by
g(XH) = gH .
Let p be a prime and consider subgroups of GL2(Z/pZ). A Borel subgroup is a
subgroup which is conjugate to
{(∗ ∗
0 ∗
)}
; the normalizer of a split Cartan sub-
group is conjugate to
{(∗ 0
0 ∗
)
,
(
0 ∗
∗ 0
)}
. When p ≥ 3, the normalizer of a non-
split Cartan subgroup is conjugate to
{(
x y
λy x
)
,
(
x y
−λy −x
)
|(x, y) ∈ Fp × Fp \ {(0, 0)}
}
,
where λ ∈ F×p \ (F×p )2 is a fixed element. Assume p ≥ 5. The quotient group
PGL2(Z/pZ) of GL2(Z/pZ) has a subgroup which is isomorphic to S4; it has a sub-
group which is isomorphic to A5 if and only if p ≡ 0,±1 mod 5 ([18, p.281]). Take
a subgroup H (of GL2(Z/pZ)) whose order is prime to p. We call H an exceptional
subgroup if it is the inverse image of a subgroup which is isomorphic to A4, S4 or
A5 by the natural surjection GL2(Z/pZ) −→ PGL2(Z/pZ).
Proposition 3.4. ([18, p.284]) Let p ≥ 3 be a prime and H be a subgroup of
GL2(Z/pZ). If p divides the order of H, then H contains SL2(Z/pZ) or H is
contained in a Borel subgroup of GL2(Z/pZ). If p does not divide the order of H,
then H is contained in the normalizer of a (split or non-split) Cartan subgroup of
GL2(Z/pZ) or an exceptional subgroup of GL2(Z/pZ).
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Put
B :=
{(∗ ∗
0 ∗
)}
∩ SL2(Z/pZ),
C :=
{(∗ 0
0 ∗
)
,
(
0 ∗
∗ 0
)}
∩ SL2(Z/pZ),
D :=
{(
x y
λy x
)
,
(
x y
−λy −x
)}
∩ SL2(Z/pZ),
E := (an exceptional subgroup) ∩ SL2(Z/pZ).
From now on, we use the letter E to denote this subgroup, not meaning an elliptic
curve. The genera of the modular curves corresponding to B, C, D are known as
follows.
Proposition 3.5. ([21, Proposition 1.40, 1.43; 9, p.117]) Let N = p ≥ 5 be a
prime. We have
gB =
1
12
(p− 6− 3
(−1
p
)
− 4
(−3
p
)
);
gC =
1
24
(p2 − 8p+ 11− 4
(−3
p
)
);
gD =
1
24
(p2 − 10p+ 23 + 6
(−1
p
)
+ 4
(−3
p
)
).
We have gB ≥ 2 if and only if p ≥ 23; we have gC ≥ 2 if and only if p ≥ 11; we
have gD ≥ 2 if and only if p ≥ 13.
Remark 3.6. We can also calculate these genera by using Lemma 4.9.
Put
δH := [G : H ]
−1(♯G/H − 3♯Fixσ − 4♯Fixτ − 6♯I\G/H)
so that
gH = 1 +
1
12
[G : H ]δH .
As gH is an integer, we have gH ≥ 2 if and only if δH > 0.
Definition 3.7. Let n ≥ 1 be an integer and let H ⊆ SL2(Z/pnZ) be a subgroup.
We call H a slim subgroup if
H + (1 + pn−1M2(Z/p
nZ))det=1.
In this definition, notice that if n = 1, then a slim subgroup is just a proper
subgroup.
In order to prove Theorem 1.3, it suffices to estimate δH for any slim subgroup
H .
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Proposition 3.8. If δH > 0 for any slim subgroup H ⊆ SL2(Z/pn′(p)+1Z), then
Theorem 1.3 holds. Here we put
n′(p) :=

0 if p ≥ 23,
1 if p = 19, 17, 13, 11,
2 if p = 7,
3 if p = 5,
5 if p = 3,
10 if p = 2.
Proof. Put
ξ :=
{
0 if p ≥ 3,
1 if p = 2.
Let E be an elliptic curve over K satisfying ρE,p(GK) + (1+pn
′(p)+ξM2(Zp))det=1.
We show that j(E) ∈ K takes only finitely many values. ReplacingK byK(ζpn′(p)+1),
we may assume ρE,pn′(p)+1(GK) ⊆ SL2(Z/pn
′(p)+1Z). We may also assume that
ρE,pn′(p)+1(GK) is contained in a slim subgroup H ⊆ SL2(Z/pn
′(p)+1Z) satisfying
H ∋ −1. To see this, we consider two cases (n′(p) = 0 or n′(p) ≥ 1). When
n′(p) = 0 (equivalently p ≥ 23), we have ρE,p(GK) ( SL2(Z/pZ) by Lemma 2.1,
thus ρE,p(GK) ⊆ B,C,D,E by Proposition 3.4. But B,C,D,E contains−1. When
n′(p) ≥ 1, Corollary 2.4 shows 〈ρE,p(GK),−1〉 + (1 + pn′(p)M2(Zp))det=1. Thus
H = 〈ρE,p(GK),−1〉 mod pn′(p)+1 is a slim subgroup by Lemma 2.2.
By the hypothesis and Proposition 3.3, we have g(XH) = gH ≥ 2. By Theorem
3.2, we see that XH(K) is finite, hence YH(K) is also finite. Since there are only
finitely many subgroups H as above, Theorem 1.3 follows from Lemma 3.1.

We prove δH > 0 for any subgroup H as in Proposition 3.8. More explicitly, we
prove the following theorem in Section 7.
Theorem 3.9. 1. For a subgroup H ⊆ SL2(Z/pZ), we have δH > 0 if one of the
following conditions is satisfied.
• H ⊆ B and p ≥ 23
• H ⊆ C and p ≥ 11
• H ⊆ D and p ≥ 13
• H ⊆ E and p ≥ 17
2. For a slim subgroup H ⊆ SL2(Z/p2Z), we have δH > 0 if one of the following
conditions is satisfied.
• H mod p ⊆ B and p ≥ 11
• H mod p ⊆ D and p ≥ 11
• H mod p ⊆ E and p ≥ 11
3. For a slim subgroup H ⊆ SL2(Z/p3Z), we have δH > 0 if one of the following
conditions is satisfied.
• H mod p ⊆ B and p ≥ 7
• H mod p ⊆ C and p ≥ 5
• H mod p ⊆ D and p ≥ 7
• H mod p ⊆ E and p ≥ 7
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4. For a slim subgroup H ⊆ SL2(Z/54Z), we have δH > 0 if one of the following
conditions is satisfied.
• H mod 5 ⊆ B
• H mod 5 ⊆ D
• H mod 5 ⊆ E
5. For a slim subgroup H ⊆ SL2(Z/36Z), we have δH > 0 if one of the following
conditions is satisfied.
• H mod 3 ⊆ B
• H mod 3 ⊆ D
• H mod 3 ⊆ E
• H mod 3 = SL2(Z/3Z)
6. For a slim subgroup H ⊆ SL2(Z/210Z), we have δH > 0 if one of the following
conditions is satisfied.
• H mod 2 ⊆ (subgroup of order 3)
• H mod 2 = SL2(Z/2Z)
7. For a slim subgroup H ⊆ SL2(Z/211Z), we have δH > 0 if the following
condition is satisfied.
• H mod 2 ⊆ B
4. Calculation of conjugate elements in SL2(Z/pZ)
We rewrite the value δH in terms of the number of conjugate elements.
Lemma 4.1. Let G be a finite group and H be a subgroup of G. Take an element
a of G. Then
♯Fixa/[G : H ] = ♯(H ∩Conj(a))/♯Conj(a).
Here we put Conj(a) := {g−1ag ∈ G|g ∈ G}.
Proof. Put F˜ixa := {g ∈ G|gH = agH}. Then H acts on F˜ixa by g 7→ gh (g ∈
F˜ixa, h ∈ H) and we have F˜ixa/H = Fixa. Hence, we get ♯F˜ixa/♯H = ♯Fixa.
The natural surjection F˜ixa −→ H ∩ Conj(a) : g 7−→ g−1ag induces a bijection
Z(a)\F˜ixa ∼= H ∩Conj(a), where Z(a) is the centralizer of a in G, acting on F˜ixa by
g 7→ zg (g ∈ F˜ixa, z ∈ Z(a)). Hence ♯F˜ixa/♯Z(a) = ♯(H ∩ Conj(a)). If we take H
to be G, we have ♯G/♯Z(a) = ♯Conj(a). Combining these three equalities, we get
the desired formula.

For an integer N ≥ 1, take a subgroup H ⊆ G = SL2(Z/NZ). By Lemma 4.1,
we have
(4.1) δH = 1− 3 ♯H ∩ Conj(σ)
♯Conj(σ)
− 4 ♯H ∩ Conj(τ)
♯Conj(τ)
− 6 ♯I\G/H
[G : H ]
.
Recall Conj(α) = {g−1αg ∈ SL2(Z/NZ)|g ∈ SL2(Z/NZ)} for α ∈ SL2(Z/NZ).
Assume n ≥ 1 and N = pn. For 0 ≤ s ≤ n, we have
Fixups = {gH ∈ G/H |♯I(gH) ≤ ps},
where I(gH) means the I-orbit of gH in G/H . We have
G/H = Fixupn = Fixu ∐
n−1∐
s=0
(Fixups+1 \ Fixups )
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and
♯I\G/H = ♯Fixu +
n−1∑
s=0
1
ps+1
(♯Fixups+1 − ♯Fixups ) =
n−1∑
s=0
p− 1
ps+1
♯Fixups +
1
pn
[G : H ].
By Lemma 4.1, we get
(4.2)
♯I\G/H
[G : H ]
=
n−1∑
s=0
p− 1
ps+1
♯H ∩ Conj(ups)
♯Conj(ups)
+
1
pn
.
In particular, we have
(4.3)
♯I\G/H
[G : H ]
≤
t−1∑
s=0
p− 1
ps+1
♯H ∩Conj(ups)
♯Conj(ups)
+
1
pt
for 1 ≤ t ≤ n.
When p = 2 or 3, we study the conjugacy classes of the maximal subgroups of
SL2(Z/p2Z).
Lemma 4.2. We have
SL2(Z) = 〈σ, τ〉 = 〈σ, u〉 = 〈τ, u〉 = 〈u, tu〉.
Proof. The equality SL2(Z) = 〈σ, u〉 is well-known ([21, p.16]). As σ = uτ and
(tu)−1u · (tu)−1 = σ, we have the other equalities.

Lemma 4.3. ([21, Lemma 1.38]) For any positive integer N , the map
mod N : SL2(Z) −→ SL2(Z/NZ)
is surjective.
Lemma 4.4. Let N ≥ 2 be an integer and A ( SL2(Z/N2Z) be a proper subgroup.
Assume A maps surjectively modN onto SL2(Z/NZ). Then A has no element
which is GL2(Z/N2Z)-conjugate to u.
Proof. Suppose A has an element which is GL2(Z/N2Z)-conjugate to u. Replacing
A by its GL2(Z/N2Z)-conjugate, we may assume A ∋ u =
(
1 1
0 1
)
. By the hy-
pothesis, we see that A contains an element X satisfying X mod N =
(
0 1
−1 0
)
.
Since X has determinant 1, we can write X =
(
Na 1 +Nb
−1 +Nb Nd
)
. We have
A ∋
(
1 Na
0 1
)(
Na 1 +Nb
−1 +Nb Nd
)(
1 Nd
0 1
)
=
(
0 1 +Nb
−1 +Nb 0
)
.
Hence
A ∋
(
0 1 +Nb
−1 +Nb 0
)−1(
1 1
0 1
)(
0 1 +Nb
−1 +Nb 0
)
=
(
1 0
−1 + 2Nb 1
)
.
Take an integer b˜ such that b˜ mod N2 = b, and we getA ∋
(
1 0
−1 + 2Nb 1
)−1−2Neb
=(
1 0
1 1
)
. Then A ⊇ 〈u, tu〉 = SL2(Z/N2Z), a contradiction.

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Remark 4.5. If N = p ≥ 5 is a prime, there is no subgroup A as in the previous
lemma by Lemma 2.1.
Lemma 4.6. The conjugacy classes of SL2(Z/4Z) are the following:
Conj(1) ={1},
Conj(−1) ={−1},
Conj(σ) =
{
σ,
(
1 2
−1 −1
)
,
(
2 1
−1 2
)
,
(−1 2
−1 1
)
,
(
1 1
2 −1
)
,
(−1 1
2 1
)}
,
Conj(−σ) =− Conj(σ),
Conj(τ) =
{
τ,
(
1 −1
1 0
)
,
(
0 1
−1 1
)
,
(
0 −1
1 1
)
,
(−1 1
1 2
)
,
(−1 −1
−1 2
)
,(
2 1
1 −1
)
,
(
2 −1
−1 −1
)}
,
Conj(−τ) =− Conj(τ),
Conj(u) =
{
u,
(
1 0
−1 1
)
,
(
2 1
−1 0
)
,
(−1 0
−1 −1
)
,
(
0 1
−1 2
)
,
(−1 1
0 −1
)}
,
Conj(−u) =− Conj(u),
Conj(u2) =
{
u2,
(
1 0
2 1
)
,
(−1 2
2 −1
)}
,
Conj(−u2) =− Conj(u2).
Now we determine maximal subgroups of SL2(Z/4Z) whose image mod 2 is
SL2(Z/2Z).
Lemma 4.7. Let A ( SL2(Z/4Z) be a proper subgroup. Assume A maps surjec-
tively mod 2 onto SL2(Z/2Z). Then A is conjugate to
A1 := 〈σ,
(
1 1
2 −1
)
〉,
which is a maximal subgroup, and is not a normal subgroup. We have 〈A1, u2〉 =
SL2(Z/4Z) and A1\SL2(Z/4Z) = {1, u, u2, u−1}.
Proof. By the hypothesis, we see that A contains a lift of u ∈ SL2(Z/2Z). We have
{X ∈ SL2(Z/4Z)|X mod 2 = u} = {u, u−1,−u,−u−1, α, β, α−1, β−1},
where α =
(
1 1
2 −1
)
and β =
(−1 1
2 1
)
. The first four elements are GL2(Z/4Z)-
conjugate to u. The next two elements are SL2(Z/4Z)-conjugate to σ and the last
two to σ−1. Since A has no element which is GL2(Z/4Z)-conjugate to u, we have
A ∩ Conj(σ) 6= ∅. Replacing A by its conjugate, we may assume A ∋ σ. Repeating
the same argument, we see that A contains at least one of α, β, α−1, β−1. We have
A1 = 〈σ, α〉 = 〈σ, α−1〉. Put A2 := 〈σ, β〉 = 〈σ, β−1〉. By calculation, we have
A1 =
{(
1 0
0 1
)
,
(−1 0
0 −1
)
,
(
0 1
−1 0
)
,
(
0 −1
1 0
)
,
(
2 1
1 1
)
,
(
1 −1
−1 2
)
,(
2 −1
−1 −1
)
,
(−1 1
1 2
)
,
(−1 2
−1 1
)
,
(
1 2
1 −1
)
,
(
1 1
2 −1
)
,
(−1 −1
2 1
)}
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and
A2 =
{(
1 0
0 1
)
,
(−1 0
0 −1
)
,
(
0 1
−1 0
)
,
(
0 −1
1 0
)
,
(
2 −1
−1 1
)
,
(
1 1
1 2
)
,(
2 1
1 −1
)
,
(−1 −1
−1 2
)
,
(−1 2
1 1
)
,
(
1 2
−1 −1
)
,
(
1 −1
2 −1
)
,
(−1 1
2 1
)}
.
The equalities u−1σu =
(
1 2
−1 −1
)
∈ A2 and u−1αu =
(−1 1
2 1
)
∈ A2 show
A2 = u
−1A1u. We also have 〈A1, u2〉 = SL2(Z/4Z) by calculation.

Remark 4.8. In the above lemma, all the subgroups of SL2(Z/4Z) conjugate to A1
are A1, u
−1A1u, u
−2A1u
2 and uA1u
−1.
Now we calculate the number of elements conjugate to σ, τ, u in the maximal
subgroups B,C,D,E introduced in Section 3.
Lemma 4.9. In SL2(Z/pZ), the number of the elements conjugate to σ, τ , u in
B, C, D, E are as follows.
1.
B ∩Conj(σ) =

∅ if p ≡ −1 mod 4,{(√−1 ∗
0 −√−1
)
,
(
−√−1 ∗
0
√−1
)}
if p ≡ 1 mod 4,{(
1 1
0 1
)}
if p = 2.
B ∩ Conj(τ) =

∅ if p ≡ −1 mod 3,{(
−ζ3 ∗
0 −ζ−13
)
,
(
−ζ−13 ∗
0 −ζ3
)}
if p ≡ 1 mod 3,{(
−1 1
0 −1
)}
if p = 3.
B ∩Conj(u) =
{(
1 s2
0 1
)
|(p, s) = 1
}
.
Hence we have
♯B ∩ Conj(σ) =

0 if p ≡ −1 mod 4,
2p if p ≡ 1 mod 4,
1 if p = 2.
♯B ∩ Conj(τ) =

0 if p ≡ −1 mod 3,
2p if p ≡ 1 mod 3,
1 if p = 3.
♯B ∩ Conj(u) =
{
1
2 (p− 1) if p ≥ 3,
1 if p = 2.
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2.
C ∩ Conj(σ) =

{(
0 x
−x−1 0
)
|(p, x) = 1
}
if p ≡ −1 mod 4,{(√−1 0
0 −√−1
)
,
(
−√−1 0
0
√−1
)
,
(
0 x
−x−1 0
)
|(p, x) = 1
}
if p ≡ 1 mod 4,{(
0 1
1 0
)}
if p = 2.
C ∩ Conj(τ) =

∅ if p 6≡ 1 mod 3,{(
−ζ3 0
0 −ζ−13
)
,
(
−ζ−13 0
0 −ζ3
)}
if p ≡ 1 mod 3.
C ∩ Conj(u) =

∅ if p ≥ 3,{(
0 1
1 0
)}
if p = 2.
Hence we have
♯C ∩ Conj(σ) =

p− 1 if p ≡ −1 mod 4,
p+ 1 if p ≡ 1 mod 4,
1 if p = 2.
♯C ∩ Conj(τ) =
{
0 if p 6≡ 1 mod 3,
2 if p ≡ 1 mod 3.
♯C ∩ Conj(u) =
{
0 if p ≥ 3,
1 if p = 2.
3.
D ∩ Conj(τ)
=

{(
1/2 1/2 ·√−3/λ
1/2 · √−3λ 1/2
)
,
(
1/2 −1/2 ·√−3/λ
−1/2 · √−3λ 1/2
)}
if p ≥ 5 and p ≡ −1 mod 3,
∅
if p = 3 or p ≡ 1 mod 3.
♯D ∩ Conj(σ) =
{
p+ 3 if p ≡ −1 mod 4,
p+ 1 if p ≡ 1 mod 4,
♯D ∩Conj(τ) =
{
2 if p ≥ 5 and p ≡ −1 mod 3,
0 if p = 3 or p ≡ 1 mod 3.
♯D ∩Conj(u) = 0 if p ≥ 3.
ON UNIFORM LOWER BOUND OF THE GALOIS IMAGES 15
4.
♯E ∩Conj(σ) ≤
{
30 if p ≡ ±1 mod 5,
18 if p ≥ 5 and p 6≡ ±1 mod 5.
♯E ∩ Conj(τ) ≤
{
20 if p ≡ ±1 mod 5,
8 if p ≥ 5 and p 6≡ ±1 mod 5.
♯E ∩ Conj(u) = 0 if p ≥ 5.
Proof. 1 is easy.
2. Note that if p ≥ 3 then for any x ∈ (Z/pZ)× there exist a, c ∈ Z/pZ such that
a2+c2 = x−1. Thus we have
(
a −xc
c xa
)
∈ SL2(Z/pZ) and
(
a −xc
c xa
)−1(
0 1
−1 0
)(
a −xc
c xa
)
=(
0 x
−x−1 0
)
.
3. Assume p ≥ 3. We show ♯
{(
x y
−λy −x
)}
∩ Conj(σ) = p + 1. Put D1 ={(
x y
λy x
)}
∩SL2(Z/pZ) and D2 =
{(
x y
−λy −x
)}
∩SL2(Z/pZ). Since p ≥ 3, we
have Conj(σ) = SL2(Z/pZ)Tr=0. Thus
{(
x y
−λy −x
)}
∩Conj(σ) = D2 = D \D1.
We have D = Ker (det :
{(
x y
λy x
)
,
(
x y
−λy −x
)}
−→ (Z/pZ)×) and D1 =
Ker (det :
{(
x y
λy x
)}
−→ (Z/pZ)×). Since det :
{(
x y
λy x
)}
−→ (Z/pZ)× is
surjective, we have ♯D1 = (p
2 − 1)/(p− 1) = p+ 1 and ♯D1 = 2(p2 − 1)/(p− 1) =
2(p+ 1). Therefore ♯
{(
x y
−λy −x
)}
∩ Conj(σ) = 2(p+ 1)− (p+ 1) = p+ 1.
4. In A5, there are 15 elements of order 2 and 20 elements of order 3. In S4,
there are 9 elements of order 2 and 8 elements of order 3.

Next we calculate the number of elements conjugate to σ, τ, u in A1 ⊆ SL2(Z/4Z).
Lemma 4.10. In SL2(Z/4Z), we have
A1 ∩Conj(σ) =
{
σ,
(−1 2
−1 1
)
,
(
1 1
2 −1
)}
,
A1 ∩ Conj(τ) =
{(
2 −1
−1 −1
)
,
(−1 1
1 2
)}
,
A1 ∩Conj(u) = ∅,
A1 ∩ Conj(u2) = ∅,
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where A1 = 〈σ,
(
1 1
2 −1
)
〉. Hence we have
♯A1 ∩ Conj(σ) = 3,
♯A1 ∩Conj(τ) = 2,
♯A1 ∩Conj(u) = 0,
♯A1 ∩ Conj(u2) = 0.
Proof. It follows from Lemma 4.6.

5. Calculation of conjugate elements in SL2(Z/pnZ)
We calculate the number of elements conjugate to σ, τ, u in SL2(Z/pnZ).
Lemma 5.1. Let n ≥ 1 be an integer. In SL2(Z/pnZ) we have
♯Conj(σ) =

(p− 1)p2n−1 if p ≡ −1 mod 4,
(p+ 1)p2n−1 if p ≡ 1 mod 4,
3 if p = 2 and n = 1,
3 · 22n−3 if p = 2 and n ≥ 2,
♯Conj(τ) =

(p− 1)p2n−1 if p ≡ −1 mod 3,
(p+ 1)p2n−1 if p ≡ 1 mod 3,
4 · 32n−2 if p = 3,
♯Conj(u) =

1
2 (p
2 − 1)p2n−2 if p ≥ 3,
3 if p = 2 and n = 1,
6 if p = 2 and n = 2,
3 · 22n−4 if p = 2 and n ≥ 3.
Proof. As we have seen in the proof of Lemma 4.1, we have an equality ♯Conj(α) =
♯SL2(Z/pnZ)/♯Z(α) for any α ∈ SL2(Z/pnZ). As is well known, ♯SL2(Z/pnZ) =
(p+ 1)(p− 1)p3n−2. Now we calculate ♯Z(α) for α = σ, τ, u. For α = σ, we have
Z(σ) = (Z/pnZ[σ])det=1 ∼=

Wn(Fp2)Norm=1 if p ≡ −1 mod 4,
(Z/pnZ× Z/pnZ)Norm=1 if p ≡ 1 mod 4,
(Z2[
√−1]/2nZ2[
√−1])Norm=1 if p = 2,
hence
♯Z(σ) =

(p+ 1)pn−1 if p ≡ −1 mod 4,
(p− 1)pn−1 if p ≡ 1 mod 4,
2 if p = 2 and n = 1,
2n+1 if p = 2 and n ≥ 2.
For α = τ , we have
Z(τ) = (Z/pnZ[τ ])det=1 ∼=

Wn(Fp2)Norm=1 if p ≡ −1 mod 3,
(Z/pnZ× Z/pnZ)Norm=1 if p ≡ 1 mod 3,
(Z3[ζ3]/3nZ3[ζ3])Norm=1 if p = 3,
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where ζ3 is a primitive third root of unity. Hence
♯Z(τ) =

(p+ 1)pn−1 if p ≡ −1 mod 3,
(p− 1)pn−1 if p ≡ 1 mod 3,
2 · 3n if p = 3.
For α = u, we have Z(u) =
{(
a b
0 a
)
|a2 = 1
}
, hence
♯Z(u) =

2pn if p ≥ 3,
2 if p = 2 and n = 1,
8 if p = 2 and n = 2,
2n+2 if p = 2 and n ≥ 3,
as required.

Next we calculate the number of elements conjugate to up
r
in SL2(Z/pr+nZ).
Lemma 5.2. Assume r ≥ 0 and n ≥ 1. In SL2(Z/pr+nZ), we have
♯Conj(up
r
) =

1
2 (p
2 − 1)p2n−2 if p ≥ 3,
3 if p = 2 and n = 1,
6 if p = 2 and n = 2,
3 · 22n−4 if p = 2 and n ≥ 3.
Proof. We have Z(up
r
) =
{(
a b
c d
)
|prc = 0, pr(a− d) = 0, ad− bc = 1
}
, which
maps surjectively mod pn onto
{(
a b
0 a
)
∈ SL2(Z/pnZ)
}
, and each fiber of the
mod pn map consists of p3r elements.

We study the fiber of the mod pm map
SL2(Z/p
nZ) ∩ Conj(α) −→ SL2(Z/pmZ) ∩ Conj(α),
where α = σ, τ, up
r
.
Take two integers m,n with 1 ≤ m ≤ n. As in Section 1, let
fn,m : SL2(Z/p
nZ) −→ SL2(Z/pmZ)
be the mod pm map. For α = σ, τ, up
r
(r ≥ 0), put
V r+n,r+mα = α
−1(f−1r+n,r+m(α) ∩ Conj(α)) ⊆ SL2(Z/pr+nZ).
When α = σ, τ , we always take r = 0. We sometimes omit the superscripts r, n,m
and simply write Vα.
Lemma 5.3. Let r ≥ 0 and 1 ≤ m < n be integers. Assume n ≤ 2m. If p ≥ 3, then
each V r+n,r+mα (α = σ, τ, u
pr) is a subgroup of (1 + pr+mM2(Z/pr+nZ))det=1 ∼=
M2(Z/pn−mZ)Tr=0 and isomorphic to (Z/pn−mZ)2. If p = 2, then V n,mσ for
m ≥ 2 (resp. V n,mτ for any m, resp. V r+n,r+mupr for m ≥ 3) is a subgroup of (1 +
pr+mM2(Z/pr+nZ))det=1 ∼= M2(Z/pn−mZ)Tr=0 and isomorphic to (Z/pn−mZ)2.
Explicitly:
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If p ≥ 3 or (p = 2 and m ≥ 2), we have
V n,mσ =
{
1 + pm
(
a b
b −a
)
∈ SL2(Z/pnZ)
}
∼=
{(
a b
b −a
)
∈M2(Z/pn−mZ)
}
;
For any p and m, we have
V n,mτ =
{
1 + pm
(
a b
b− a −a
)
∈ SL2(Z/pnZ)
}
∼=
{(
a b
b − a −a
)
∈M2(Z/pn−mZ)
}
;
If p ≥ 3 or (p = 2 and m ≥ 3), we have
V r+n,r+m
upr
=
{
1 + pr+m
(
a b
0 −a
)
∈ GL2(Z/pr+nZ)
}
∼=
{(
a b
0 −a
)
∈ M2(Z/pn−mZ)
}
.
In particular, the inverse image of one element by the following maps consists
of p2 elements:
• mod pm : SL2(Z/pm+1Z) ∩ Conj(σ) −→ SL2(Z/pmZ) ∩ Conj(σ) if p ≥ 3
or (p = 2 and m ≥ 2),
• mod pm : SL2(Z/pm+1Z) ∩ Conj(τ) −→ SL2(Z/pmZ) ∩ Conj(τ) for any
p and any m ≥ 1,
• mod pr+m : SL2(Z/pr+m+1Z)∩Conj(upr ) −→ SL2(Z/pr+mZ)∩Conj(upr )
if p ≥ 3 or (p = 2 and m ≥ 3).
Proof. Assume α = σ. We will show
f−1n,m(σ) ∩ Conj(σ) =
{(
pma 1 + pmb
−1 + pmb −pma
)
∈ SL2(Z/pnZ)
}
.
Looking at the determinant and the trace, we get one inclusion “⊆”. In particular,
we have ♯f−1n,m(σ
′) ∩Conj(σ) ≤ p2(n−m) for any σ′ ∈ SL2(Z/pmZ) ∩Conj(σ). Since
mod pm : SL2(Z/pnZ) ∩ Conj(σ) −→ SL2(Z/pmZ) ∩ Conj(σ) is surjective, Lemma
5.1 shows that the other inclusion “⊇” holds if p ≥ 3 or (p = 2 and m ≥ 2).
We can show
f−1n,m(τ) ∩ Conj(τ) =
{(
1 + pma 1 + pmb
−1 + pm(b − a) −pma
)
∈ SL2(Z/pnZ)
}
for any p, m and
f−1r+n,r+m(u
pr ) ∩ Conj(upr ) =
{(
1 + pr+ma pr + pr+mb
0 1− pr+ma
)
∈ SL2(Z/pr+nZ)
}
for p ≥ 3 or (p = 2 and n ≥ 3) similarly by using Lemma 5.1 and 5.2.

Remark 5.4. If p = 2, the inverse image of one element by the following maps
consists of 2 elements:
• mod 2 : SL2(Z/22Z) ∩ Conj(σ) −→ SL2(Z/2Z) ∩ Conj(σ),
• mod 2r+2 : SL2(Z/2r+3Z) ∩ Conj(u2r) −→ SL2(Z/2r+2Z) ∩ Conj(u2r),
• mod 2r+1 : SL2(Z/2r+2Z) ∩ Conj(u2r) −→ SL2(Z/2r+1Z) ∩ Conj(u2r).
From now on, we always assume the hypothesis in Lemma 5.3 when we write
V r+n,r+mα (for α = σ, τ, u
pr and their conjugates: defined below), so that V r+n,r+mα
is a free Z/pn−mZ-submodule of rank 2 of (1+pr+mM2(Z/pr+nZ))det=1 ∼= M2(Z/pn−mZ)Tr=0.
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Lemma 5.5. Let r ≥ 0 and 1 ≤ m < n be integers. Assume n ≤ 2m. For
α = σ, τ, up
r
, we have
V r+n,r+mα = {1 + pm(Xα−1 − α−1X)|X ∈M2(Z/pr+nZ)}.
Proof. If X =
(
x y
z w
)
, we have
Xσ−1 − σ−1X =
(
y + z −x+ w
w − x −z − y
)
,
Xτ−1 − τ−1X =
(
y + z −x+ y + w
w − x− z −z − y
)
and
Xu−p
r − u−prX =
(
prz −pr(x− w)
0 −prz
)
.

Lemma 5.6. Let r ≥ 0 and 1 ≤ m < n be integers. For α = σ, τ, upr , take an
element α′ ∈ Conj(α) ⊆ SL2(Z/pr+mZ). Suppose two elements α1, α2 ∈ Conj(α) ⊆
SL2(Z/pr+nZ) satisfy α1 ≡ α2 ≡ α′ mod pr+m. If n ≤ 2m, then we have
α1
−1(f−1r+n,r+m(α
′) ∩ Conj(α)) = α2−1(f−1r+n,r+m(α′) ∩ Conj(α)).
Proof. It suffices to show the equality in the case α2 = α. By the hypothesis, we
have α1 ∈ (f−1r+n,r+m(α) ∩ Conj(α)) = αVα. We see that α1−1(f−1r+n,r+m(α) ∩
Conj(α)) = α1
−1αVα = {α1−1α + (pmα1−1α)(Xα−1 − α−1X)} = {α1−1α +
pm(Xα−1 − α−1X)}. Since (α1−1α)−1 = α−1α1 ∈ Vα, we have α1−1α ∈ Vα =
{1+pm(Xα−1−α−1X)}. Therefore α−11 (f−1r+n,r+m(α)∩Conj(α)) = {1+pm(Xα−1−
α−1X)} = α−1(f−1r+n,r+m(α) ∩ Conj(α)), as required.

In the above lemma, we define
V r+n,r+mα′ := α1
−1(f−1r+n,r+m(α
′) ∩ Conj(α)).
Note that we have V r+n,r+mα′ = {1 + pm(Xα′−1 − α′−1X)}. For an element g ∈
SL2(Z/pr+nZ), we have V
r+n,r+m
g−1α′g = g
−1(V r+n,r+mα′ )g. We see that V
r+n,r+m
α′
depends only on α′ mod pr+n−m. Thus we can define V r+n,r+mα′′ for α
′′ ∈ Conj(α) ⊆
SL2(Z/pr+n−mZ).
For α = σ, τ, up
r
and their conjugates, we identify V r+n,r+mα with a free sub-
module of rank 2 of M2(Z/pn−mZ) using the isomorphisms in Lemma 5.3.
Lemma 5.7. Let 1 ≤ m < n be integers. Take an element α ∈ SL2(Z/pmZ) which
is conjugate to σ or τ . Assume n ≤ 2m. Then V n,mα is the orthogonal complement
of Z/pn−mZ[α] in M2(Z/pn−mZ) with respect to the pairing
M2(Z/p
n−mZ)×M2(Z/pn−mZ) −→ Z/pn−mZ : (A,B) 7→ Tr (AB).
Proof. We have V n,mα = {1+pm(Xα−1−α−1X) ∈ 1+pmM2(Z/pnZ)} ∼= {Xα−1−
α−1X ∈ M2(Z/pn−mZ)} and it is orthogonal to Z/pn−mZ[α]. Since ♯V n,mα =
♯Z/pn−mZ[α] = p2(n−m), they are the orthogonal complements of each other.

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Note that
Z/pn−mZ[σ] =
{(
x y
−y x
)}
and
Z/pn−mZ[τ ] =
{(
x y
−y x− y
)}
.
Lemma 5.8. Let r ≥ 0 and 1 ≤ m < n be integers. Take an element v = 1+prǫ ∈
Conj(up
r
) ⊆ SL2(Z/pr+mZ). Assume n ≤ 2m. Then V r+n,r+mv is the orthogonal
complement of Z/pn−mZ[ǫ] in M2(Z/pn−mZ) with respect to the pairing
M2(Z/p
n−mZ)×M2(Z/pn−mZ) −→ Z/pn−mZ : (A,B) 7→ Tr (AB).
Proof. We have V r+n,r+mv = {1 + pm(Xv−1 − v−1X)} = {1 + pm(X(1 − prǫ) −
(1−prǫ)X)} = {1+pr+m(X(−ǫ)− (−ǫ)X) ∈ 1+pr+mM2(Z/pr+nZ)} ∼= {X(−ǫ)−
(−ǫ)X ∈ M2(Z/pn−mZ)} and it is orthogonal to Z/pn−mZ[ǫ]. Since ♯V r+n,r+mv =
♯Z/pn−mZ[ǫ] = p2(n−m), they are the orthogonal complements of each other.

Note that
Z/pn−mZ[
(
0 1
0 0
)
] =
{(
x y
0 x
)}
.
Next we study the condition for the equality Vα = Vα′ , where α
′ ∈ Conj(α).
Lemma 5.9. Let n ≥ 1 be an integer. In SL2(Z/pnZ), we have{(
x y
−y x
)}
∩ Conj(σ)
=

{σ, σ−1}
if p ≥ 3,
{σ}
if p = 2 and n = 1,{
σ,
(
2 1
−1 2
)}
if p = 2 and n = 2,{
σ,
(
0 1 + 2n−1
−1 + 2n−1 0
)
,
(
2n−1 1
−1 2n−1
)
,
(
2n−1 1 + 2n−1
−1 + 2n−1 2n−1
)}
if p = 2 and n ≥ 3.
Corollary 5.10. Let 1 ≤ m < n be integers. Take two elements σ′, σ′′ ∈ Conj(σ) ⊆
SL2(Z/pmZ). Assume p ≥ 3 and n ≤ 2m. Then V n,mσ′ = V n,mσ′′ holds if and only if
σ′ ≡ σ′′±1 mod pn−m.
Proof. Replacing σ′′ by its conjugate, we may assume σ′′ = σ. By Lemma 5.7, we
see that σ′ mod pn−m is orthogonal to Vσ′ = Vσ , and thus we have σ
′ mod pn−m ∈{(
x y
−y x
)}
. Applying the previous lemma, we get the result.

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Corollary 5.11. Let 2 ≤ m < n be integers. Fix an element σ′ ∈ Conj(σ) ⊆
SL2(Z/2mZ). Assume n ≤ 2m. Then the number of the elements σ′′ ∈ Conj(σ) ⊆
SL2(Z/2n−mZ) satisfying V
n,m
σ′′ = V
n,m
σ′ is
1 if n−m = 1,
2 if n−m = 2,
4 if n−m ≥ 3.
Lemma 5.12. Let n ≥ 1 be an integer. In SL2(Z/pnZ), we have{(
x y
−y x− y
)}
∩ Conj(τ)
=

{τ, τ−1} if p 6= 3,
{τ} if p = 3 and n = 1,{
τ,
(
1 + 3n−1 1− 3n−1
−1 + 3n−1 −3n−1
)
,
(
1− 3n−1 1 + 3n−1
−1− 3n−1 3n−1
)}
if p = 3 and n ≥ 2.
Corollary 5.13. Let 1 ≤ m < n be integers. Take two elements τ ′, τ ′′ ∈ Conj(τ) ⊆
SL2(Z/pmZ). Assume p 6= 3 and n ≤ 2m. Suppose m ≥ 2 if p = 2. Then
V n,mτ ′ = V
n,m
τ ′′ holds if and only if τ
′ ≡ τ ′′±1 mod pn−m.
Corollary 5.14. Let 1 ≤ m < n be integers. Fix an element τ ′ ∈ Conj(τ) ⊆
SL2(Z/3mZ). Assume n ≤ 2m. Then the number of the elements τ ′′ ∈ Conj(τ) ⊆
SL2(Z/3n−mZ) satisfying V
n,m
τ ′′ = V
n,m
τ ′ is{
1 if n−m = 1,
3 if n−m ≥ 2.
Lemma 5.15. Let r ≥ 0 and n ≥ 1 be integers. In SL2(Z/pr+nZ), we have{
1 + pr
(
x y
0 x
)}
∩ Conj(upr)
=

{uprs2 |(p, s) = 1} if p ≥ 3,
{u2r} if p = 2 and n = 1,{
u2
r
,
(
−1 2r
0 −1
)}
if p = 2 and n = 2,{
u2
rs2 ,
(
1 + 2r+n−1 2rs2
0 1 + 2r+n−1
)
|(2, s) = 1
}
if p = 2 and n ≥ 3.
We have ♯{uprs2 |(p, s) = 1} = 12 (p− 1)pn−1 if p ≥ 3, and
♯
{
u2
rs2 ,
(
1 + 2r+n−1 2rs2
0 1 + 2r+n−1
)
|(2, s) = 1
}
= 2n−2 if n ≥ 3.
Corollary 5.16. Let r ≥ 0 and 1 ≤ m < n be integers. Take two elements
v, v′ ∈ Conj(upr) ⊆ SL2(Z/pr+mZ). Assume p ≥ 3 and n ≤ 2m. Then V r+n,r+mv =
V r+n,r+mv′ holds if and only if v ≡ v′s
2
mod pr+n−m where (p, s) = 1.
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Proof. Replacing v′ by its conjugate, we may assume v′ = up
r
. Write v = 1 + prǫ.
By Lemma 5.8, we see that ǫ mod pn−m is orthogonal to Vv = Vupr , and thus we
have ǫ mod pn−m ∈
{(
x y
0 x
)}
. Hence we have v mod pr+n−m ∈
{
1 + pr
(
x y
0 x
)}
.
Applying the previous lemma, we get the result.

Corollary 5.17. Let r ≥ 0 and 3 ≤ m < n be integers. Fix an element v ∈
Conj(u2
r
) ⊆ SL2(Z/2r+mZ). Assume n ≤ 2m. Then the number of the elements
v′ ∈ Conj(u2r) ⊆ SL2(Z/2r+n−mZ) satisfying V r+n,r+mv′ = V r+n,r+mv is
1 if n−m = 1,
2 if n−m = 2,
2n−m−2 if n−m ≥ 3.
6. Control of inverse images
We control the number of elements conjugate to σ, τ, up
r
contained in a slim
subgroup H .
Let n ≥ 1 be an integer and let H be a subgroup of SL2(Z/pnZ). For an integer
1 ≤ s ≤ n, put
Hs := H ∩ (1 + psM2(Z/pnZ)) = Ker (modps : H −→ SL2(Z/psZ)).
We identify H/Hs with H mod p
s. For two integers s, t with 1 ≤ s ≤ t ≤ n and for
α = σ, τ, up
r
, let
fH,αt,s : (H/Ht) ∩ Conj(α) −→ (H/Hs) ∩Conj(α)
be the mod ps map. Here we assume s > r when α = up
r
.
Recall that a subgroup H ⊆ SL2(Z/pnZ) is called a slim subgroup if H +
(1 + pn−1M2(Z/pnZ))det=1, equivalently ♯Hn−1 ≤ p2. We prepare for controlling
♯H ∩ Conj(α) for a slim subgroup H .
Lemma 6.1. Let n ≥ 2 be an integer and let H ⊆ SL2(Z/pnZ) be a slim subgroup.
Take two integers s, t with 1 ≤ t < s ≤ n. Assume t ≥ 2 if p = 2. Then we have
♯Ht/Hs ≤ p2(s−t).
Proof. Put G = SL2(Z/pnZ). Take an integer i with 2 ≤ i ≤ n− 1. Assume i ≥ 3
if p = 2. Then the p-th power map η : Gi−1/Gi −→ Gi/Gi+1 is surjective. As
♯Gi−1/Gi = ♯Gi/Gi+1 = p
3, we see that η is an isomorphism. Let η′ : Hi−1/Hi −→
Hi/Hi+1 be the p-th power map. The commutative diagram
Hi−1/Hi
⊆−−−−→ Gi−1/Gi
η′
y ηy
Hi/Hi+1
⊆−−−−→ Gi/Gi+1
shows that η′ is injective. By the hypothesis H + (1 + pn−1M2(Z/pnZ))det=1,
we have Hn−1/Hn ( Gn−1/Gn. Hence ♯Hn−1/Hn ≤ p2. Therefore ♯H1/H2 ≤
♯H2/H3 ≤ · · · ≤ ♯Hn−1/Hn ≤ p2 if p ≥ 3, while ♯H2/H3 ≤ ♯H3/H4 ≤ · · · ≤
♯Hn−1/Hn ≤ p2 if p = 2. Consequently, we get ♯Ht/Hs =
∏s
i=t+1 ♯Hi−1/Hi ≤
p2(s−t).

ON UNIFORM LOWER BOUND OF THE GALOIS IMAGES 23
From now to the end of this section, we use the letter α to denote any of σ, τ, up
r
,
where r ≥ 0 be an integer. As usual, assume r = 0 if α = σ, τ .
Corollary 6.2. Let n ≥ 2 be an integer and let H ⊆ SL2(Z/pr+nZ) be a slim
subgroup. Take two integers s, t with 1 ≤ t < s ≤ n. Take an element α′ ∈
Conj(α) ⊆ SL2(Z/pr+tZ). Assume s ≤ 2t. When p = 2, further assume r + t ≥ 2.
If H/Hr+s ⊇ V r+s,r+tα′ , then Hr+t/Hr+s = V r+s,r+tα′ .
Proof. If H/Hr+s ⊇ V r+s,r+tα′ , then Ht/Hr+s ⊇ V r+s,r+tα′ . By Lemma 5.3, we have
♯V r+s,r+tα′ = p
2(s−t). We have seen ♯Hr+t/Hr+s ≤ p2(s−t) in the previous lemma.
Thus we get Hr+t/Hr+s = V
r+s,r+t
α′ .

Remark 6.3. By using the diagram in the proof of Lemma 6.1, we can show Lemma
2.2.
Lemma 6.4. Let n ≥ 2 be an integer and let H ⊆ SL2(Z/pr+nZ) be a slim sub-
group. Take three integers s, t, i satisfying 1 ≤ t < s ≤ n and i ≥ 1. Take an
element α′ ∈ Conj(α) ⊆ SL2(Z/pr+tZ). Assume s ≤ 2t and s + i ≤ n. When
p = 2 and α = τ , further assume s ≤ 2t − 1. If Hr+t/Hr+s = V r+s,r+tα′ , then
Hr+t+i/Hr+s+i = V
r+s+i,r+t+i
α′ .
Proof. Since Hr+t mod p
r+s = {1 + pt(Xα′−1 − α′−1X)|X ∈ M2(Z/pr+sZ)}, we
have H ∋ 1 + pt(Xα′−1 − α′−1X) + pr+sY for some Y ∈M2(Z/pr+nZ).
Case α = σ or τ . In this case r = 0. Suppose p ≥ 3 or (p = 2 and s ≤ 2t− 1).
Then we have H ∋ (1+pt(Xα′−1−α′−1X)+psY )pi = 1+pt+i(Xα′−1−α′−1X)+
ps+iY ′ for some Y ′ ∈ M2(Z/pnZ). ThusHt+i/Hs+i ⊇ {1+pt+i(Xα′−1−α′−1X)} =
V s+i,t+iα′ . By Corollary 6.2, we have the equality Ht+i/Hs+i = V
s+i,t+i
α′ . Next sup-
pose α = σ, p = 2 and s = 2t. Notice that we are assuming t ≥ 2 in this
case. Replacing α′ by its conjugate, we may assume α′ = σ. Then we have
H ∋ 1+2t
(
a b
b −a
)
+22tY , where Xσ−1−σ−1X =
(
a b
b −a
)
. Taking the second
power, we haveH ∋ 1+2t+1
(
a+ 2t−1(a2 + b2) b
b −a+ 2t−1(a2 + b2)
)
+22t+1Y ′ for
some Y ′ ∈ M2(Z/2nZ). Put R(a, b) :=
(
a+ 2t−1(a2 + b2) b
b −a+ 2t−1(a2 + b2)
)
.
The elements R(a, b) generate V 2t+1,t+1σ
∼=
{(
x y
y −x
)
∈ M2(Z/2tZ)
}
because (1+
2t−1)R(1, 0) =
(
1 0
0 −1
)
andR(0, 1)+2t−1R(1, 0) =
(
0 1
1 0
)
. HenceHt+1/H2t+1 ⊇
V 2t+1,t+1σ , and this implies Ht+1/H2t+1 = V
2t+1,t+1
σ by Corollary 6.2. Therefore
we get Ht+i/H2t+i = V
2t+i,t+i
σ as we have just seen.
Case α = up
r
. We may assume α′ = up
r
. Thus we haveH ∋ 1+pr+t
(
a b
0 −a
)
+
pr+sY , where Xu−p
r − u−prX = pr
(
a b
0 −a
)
. Suppose p ≥ 3 or (p = 2 and
r + s ≤ 2(r + t) − 1). Then we have H ∋ (1 + pr+t
(
a b
0 −a
)
+ pr+sY )p
i
=
1 + pr+t+i
(
a b
0 −a
)
+ pr+s+iY ′ for some Y ′ ∈ M2(Z/pr+nZ). Hence we get
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Hr+t+i/Hr+s+i = V
r+s+i,r+t+i
upr
. Next suppose p = 2 and r + s = 2(r + t), so
that r = 0 and s = 2t. Notice that we are assuming t ≥ 3 in this case. We
have H ∋ (1 + 2t
(
a b
0 −a
)
+ 22tY )2 = 1 + 2t+1
(
a+ 2t−1a2 b
0 −a+ 2t−1a2
)
+
22t+1Y ′ for some Y ′ ∈ M2(Z/2nZ). Put S(a, b) :=
(
a+ 2t−1a2 b
0 −a+ 2t−1a2
)
.
The elements S(a, b) generate V 2t+1,t+1u
∼=
{(
x y
0 −x
)
∈M2(Z/2tZ)
}
because
(1 + 2t−1)S(1, 0) =
(
1 0
0 −1
)
and S(0, 1) =
(
0 1
0 0
)
. Therefore Ht+1/H2t+1 =
V 2t+1,t+1u and Ht+i/H2t+i = V
2t+i,t+i
u .

Lemma 6.5. Let n ≥ 2 be an integer and let H ⊆ SL2(Z/pr+nZ) be a subgroup.
Take two integers t, i with t ≥ 1, i ≥ 1 and t + i ≤ n. Take an element α′ ∈
(H/Hr+t) ∩ Conj(α). Assume i ≤ t. If Hr+t/Hr+t+i 6= V r+t+i,r+tα′ , then we have
♯fr+t+i,r+t+1((f
H,α
r+t+i,r+t)
−1(α′)) ≤ p.
Proof. We show the lemma only when r = 0. Put X := ft+i,t+1((f
H,α
t+i,t)
−1(α′)).
Suppose (fH,αt+i,t)
−1(α′) 6= ∅. Take an element α˜ ∈ (fH,αt+i,t)−1(α′). The natural
surjection mod pt+1 : (fH,αt+i,t)
−1(α′) −→ X induces the following commutative
diagram :
V t+i,tα′ ∩ (H/Ht+i)
modpt+1−−−−−−→ α˜−1X
(
y ⊆y
V t+i,tα′
modpt+1−−−−−−→ V t+1,tα′
∼=
y ∼=y
(Z/piZ)⊕2
modp−−−−→ (Z/pZ)⊕2.
All the horizontal maps in the above diagram are surjective. Since V t+i,tα′ ∩(H/Ht+i) =
V t+i,tα′ ∩ (Ht/Ht+i) is a proper subgroup of V t+i,tα′ ∼= (Z/piZ)⊕2, we have ♯V t+i,tα′ ∩
(H/Ht+i) ≤ p2i−1. Since no proper subgroup of (Z/piZ)⊕2 maps surjectively
modp onto (Z/pZ)⊕2, we get ♯α˜−1X ≤ p.

Corollary 6.6. Let n ≥ 2 be an integer and let H ⊆ SL2(Z/pr+nZ) be a slim
subgroup. Take two integers i ≥ 1, δ ≥ 0 with i + δ ≤ n. Take an element
α′ ∈ (H/Hr+i+δ) ∩ Conj(α). Assume 2i+ δ ≤ n. When p = 2 and α = τ , further
assume δ ≥ 1. If Hr+n−i/Hr+n 6= V r+n,r+n−iα′ , then we have ♯(fH,αr+n,r+i+δ)−1(α′) ≤
pn−1−δ.
Proof. We show the corollary only when r = 0. For an integer t with i ≤ t ≤ n, put
Xt := fn,t((f
H,α
n,i )
−1(α′)) ⊆ (fH,αt,i )−1(α′). For i ≤ t ≤ s ≤ n, let fXs,Xt : Xs −→ Xt
be the modpt reduction map. Note that fXs,Xt is surjective. For each element
α′′ ∈ Xn−i+1, we have ♯f−1Xn,Xn−i+1(α′′) ≤ p2(i−1) by Lemma 5.3. Thus we have
♯Xn ≤ p2(i−1)♯Xn−i+1. For i+δ ≤ t ≤ n− i and α′′ ∈ Xt, we show ♯f−1Xt+1,Xt(α′′) ≤
p. We have f−1Xt+1,Xt(α
′′) = ft+i,t+1(f
−1
Xt+i,Xt
(α′′)). By the assumption Hn−i/Hn 6=
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V n,n−iα′ and by Lemma 6.4, we have Ht/Ht+i 6= V t+i,tα′′ . Since f−1Xt+i,Xt(α′′) ⊆
(fH,αt+i,t)
−1(α′′), we have the inequality ♯ft+i,t+1(f
−1
Xt+i,Xt
(α′′)) ≤ p by Lemma 6.5.
Hence we have ♯f−1Xt+1,Xt(α
′′) ≤ p for i + δ ≤ t ≤ n− i and α′′ ∈ Xt. Thus we get
♯Xt+1 ≤ p♯Xt for i+ δ ≤ t ≤ n− i. Consequently we have ♯(fH,αn,i )−1(α′) = ♯Xn ≤
p2(i−1) · pn−2i+1−δ♯Xi ≤ pn−1−δ.

Let n ≥ 2 be an integer and let H ⊆ SL2(Z/pr+nZ) be a slim subgroup. Put
l :=
{
n
2 if n is even,
n−1
2 if n is odd.
Define a decreasing sequence
Y0 ⊇ Y1 ⊇ · · · ⊇ Yi ⊇ Yi+1 ⊇ · · · ⊇ Yl
by
Yi :=
{
H ∩ Conj(α) if i = 0,
{α′ ∈ H ∩ Conj(α)|Hr+n−i = V r+n,r+n−iα′ } if 1 ≤ i ≤ l.
When p ≥ 3, we use Yi for 0 ≤ i ≤ l; when p = 2, we use Yi only for
i = 0, 1 if α = σ and 3 ≤ n ≤ 5,
0 ≤ i ≤ l if α = σ and n ≥ 6,
i = 0, 3 ≤ i ≤ l if α = u2r and n ≥ 6,
so that the hypothesis in Lemma 5.3 is satisfied.
Lemma 6.7. For three integers i, i′, i′′ satisfying 0 ≤ i′ < i ≤ i′′ ≤ l, we have
(Yi′ \ Yi) mod pr+i
′′
= (Yi′ mod p
r+i′′) \ (Yi mod pr+i
′′
).
Proof. The inclusion “⊇” is trivial. Now we show the other inclusion “⊆”. Take
an element α′ mod pr+i
′′ ∈ (Yi′ \Yi) mod pr+i′′ where α′ ∈ Yi′ \Yi. Assume α′ mod
pr+i
′′ ∈ Yi mod pr+i′′ . Then we find an element α′′ ∈ Yi such that α′ ≡ α′′ mod
pr+i
′′
. Since i ≤ i′′, we have V r+n,r+n−iα′ = V r+n,r+n−iα′′ = Hi. But this contradicts
the assumption α′ 6∈ Yi. Hence we get the inclusion “⊆”.

Proposition 6.8. Let n ≥ 2 be an integer and let H ⊆ SL2(Z/pr+nZ) be a slim
subgroup. Take an integer s satisfying 1 ≤ s ≤ l. Then we have
♯H ∩Conj(α)
≤(p2(n−l) − pn−1)♯(Yl mod pr+l) + (p2 − 1)pn−1
l−1∑
i=s
♯(Yi mod p
r+i)
+ pn−1♯(H/Hr+s) ∩Conj(α).
Proof. For simplicity, we show the inequality only when r = 0. Decompose
♯Y0 = ♯Yl +
l∑
i=s+1
♯(Yi−1 \ Yi) + ♯(Y0 \ Ys).
We have
♯Yl ≤ p2(n−l)♯(Yl mod pl)
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by Lemma 5.3. We see
♯(Yi−1 \ Yi) ≤ pn−1♯((Yi−1 \ Yi) mod pi) = pn−1(♯(Yi−1 mod pi)− ♯(Yi mod pi))
and
♯(Y0 \ Ys) ≤ pn−1♯((Y0 \ Ys) mod ps) = pn−1(♯(Y0 mod ps)− ♯(Ys mod ps))
by the definition of Yi, Corollary 6.6 and Lemma 6.7. Hence
♯Y0 ≤p2(n−l)♯(Yl mod pl) + pn−1
l∑
i=s+1
(♯(Yi−1 mod p
i)− ♯(Yi mod pi))
+ pn−1(♯(Y0 mod p
s)− ♯(Ys mod ps))
=(p2(n−l) − pn−1)♯(Yl mod pl) + pn−1
l−1∑
i=s
(♯(Yi mod p
i+1)− ♯(Yi mod pi))
+ pn−1♯(Y0 mod p
s).
By Lemma 5.3, we see
♯(Yi mod p
i+1)− ♯(Yi mod pi) ≤ (p2 − 1)♯(Yi mod pi).
Since
Y0 mod p
s = (H/Hs) ∩Conj(α),
we get the desired inequality.

We control the number of elements conjugate to σ in a slim subgroup H ⊆
SL2(Z/pnZ) when p ≥ 3.
For p ≥ 3, define a sequence {a(σ, p)n}n≥2 as follows:
a(σ, p)n := 2p
2(n−l) + 2(l − 1)(p2 − 1)pn−1,
where n = 2l or 2l + 1.
Corollary 6.9. Let n ≥ 2 be an integer and let H ⊆ SL2(Z/pnZ) be a slim sub-
group. Assume p ≥ 3. Then we have
♯H ∩ Conj(σ) ≤ a(σ, p)n + pn−1(♯(H/H1) ∩ Conj(σ) − 2).
Proof. By Corollary 5.10, we have
♯(Yi mod p
i) ≤ 2
for 1 ≤ i ≤ l. Applying Proposition 6.8 (put s = 1), we get
♯H ∩ Conj(σ)
≤(p2(n−l) − pn−1) · 2 + (p2 − 1)pn−1 · 2(l − 1) + pn−1♯(H/H1) ∩ Conj(σ)
=a(σ, p)n + p
n−1(♯(H/H1) ∩Conj(σ) − 2).

We control the number of elements conjugate to τ in a slim subgroup H ⊆
SL2(Z/pnZ) when p ≥ 3.
For p ≥ 5, define a sequence {a(τ, p)n}n≥2 by
a(τ, p)n := a(σ, p)n.
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Corollary 6.10. Let n ≥ 2 be an integer and let H ⊆ SL2(Z/pnZ) be a slim
subgroup. Assume p ≥ 5. Then we have
♯H ∩ Conj(τ) ≤ a(τ, p)n + pn−1(♯(H/H1) ∩ Conj(τ) − 2).
Proof. The same as the proof of Corollary 6.9.

Define a sequence {a(τ, 3)n}n≥2 as follows:
a(τ, 3)n :=

32 if n = 2,
(4n− 11) · 3n if n = 2l ≥ 4,
(4n− 9) · 3n if n = 2l + 1.
Corollary 6.11. Let n ≥ 2 be an integer and let H ⊆ SL2(Z/3nZ) be a slim
subgroup. Then we have
♯H ∩ Conj(τ) ≤ a(τ, 3)n + 3n−1(♯(H/H1) ∩ Conj(τ)− 1).
Proof. By Corollary 5.14, we have
♯(Yi mod p
i) ≤
{
1 if i = 1,
3 if i ≥ 2.
Applying Proposition 6.8 (put s = 1), we get
♯H ∩Conj(τ)
≤

(32(n−l) − 3n−1) · 1 + 3n−1♯(H/H1) ∩ Conj(τ)
if l = 1,
(32(n−l) − 3n−1) · 3 + (32 − 1) · 3n−1 · 3(l − 2) + (32 − 1) · 3n−1 · 1
+3n−1♯(H/H1) ∩ Conj(τ)
if l ≥ 2
=a(τ, 3)n + 3
n−1(♯(H/H1) ∩ Conj(τ)− 1).

We control the number of elements conjugate to up
r
in a slim subgroup H ⊆
SL2(Z/pr+nZ).
For p ≥ 3, define a sequence {a(u, p)n}n≥2 as follows:
a(u, p)n :=
{
1
2 (p− 1)(2 · p3l−1 − pn) if n = 2l,
1
2 (p− 1)(p3l+1 + p3l − pn) if n = 2l+ 1.
Corollary 6.12. Let r ≥ 0, n ≥ 2 be integers and let H ⊆ SL2(Z/pr+nZ) be a slim
subgroup. Assume p ≥ 3. Then we have
♯H ∩ Conj(upr) ≤ a(u, p)n + pn−1(♯(H/Hr+1) ∩ Conj(upr )− 1
2
(p− 1)).
Proof. By Corollary 5.16, we have
♯(Yi mod p
r+i) ≤ 1
2
(p− 1)pi−1
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for 1 ≤ i ≤ l. Applying Proposition 6.8 (put s = 1), we get
♯H ∩ Conj(upr )
≤(p2(n−l) − pn−1) · 1
2
(p− 1)pl−1 + (p2 − 1)pn−1
l−1∑
i=1
1
2
(p− 1)pi−1
+ pn−1♯(H/Hr+1) ∩ Conj(up
r
)
=a(u, p)n + p
n−1(♯(H/Hr+1) ∩ Conj(up
r
)− 1
2
(p− 1)).

Define a sequence {a(u, 2)n}n≥6 as follows:
a(u, 2)n :=
{
23l−1 − 2n+1 if n = 2l,
3 · 23l−1 − 2n+1 if n = 2l + 1.
Corollary 6.13. Let r ≥ 0, n ≥ 6 be integers and let H ⊆ SL2(Z/2r+nZ) be a slim
subgroup. Then we have
♯H ∩ Conj(u2r) ≤ a(u, 2)n + 2n−1(♯(H/Hr+3) ∩ Conj(u2r)− 2).
Proof. By Corollary 5.17, we have
♯(Yi mod 2
r+i) ≤ 2i−2
for 3 ≤ i ≤ l. Applying Proposition 6.8 (put s = 3), we get
♯H ∩Conj(u2r )
≤(22(n−l) − 2n−1) · 2l−2 + (22 − 1) · 2n−1
l−1∑
i=3
2i−2 + 2n−1♯(H/Hr+3) ∩ Conj(u2r)
=a(u, 2)n + 2
n−1(♯(H/Hr+3) ∩ Conj(u2
r
)− 2).

We control the number of elements conjugate to σ in a slim subgroup H ⊆
SL2(Z/2nZ).
Define a sequence {a(σ, 2)n}n≥3 as follows:
a(σ, 2)n :=

23 if n = 3,
25 if n = 4,
3(l− 2) · 2n+1 if n = 2l ≥ 6,
(3l− 4) · 2n+1 if n = 2l+ 1 ≥ 5.
Proposition 6.14. Let n ≥ 3 be an integer and let H ⊆ SL2(Z/2nZ) be a slim
subgroup. Then we have
♯H ∩ Conj(σ) ≤ a(σ, 2)n + 2n−2(♯(H/H2) ∩ Conj(σ)− 2).
Proof. Decompose
♯Y0 = ♯Y1 + ♯(Y0 \ Y1).
We have
♯Y1 ≤ 22(n−2)♯(Y1 mod 22)
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by Lemma 5.3. We see
♯(Y0 \ Y1) ≤ 2n−2♯((Y0 \ Y1) mod 22) = 2n−2(♯(Y0 mod 22)− ♯(Y1 mod 22))
by the definition of Y1, Corollary 6.6 and Lemma 6.7. Hence
♯Y0 ≤ (22(n−2) − 2n−2)♯(Y1 mod 22) + 2n−2♯(Y0 mod 22).
As
♯(Y1 mod 2
2) ≤ 2
by Corollary 5.11 and Remark 5.4, we get
♯Y0 ≤ (22(n−2)−2n−2)·2+2n−2♯(Y0 mod 22) = 22n−3+2n−2(♯(H/H2)∩Conj(σ)−2).
This shows the desired inequality for n = 3, 4, 5.
Assume n ≥ 6, so that we have l ≥ 3. Decompose
♯Y0 = ♯Yl +
l∑
i=1
♯(Yi−1 \ Yi).
We have
♯Yl ≤ 22(n−l)♯(Yl mod 2l)
by Lemma 5.3. We see
♯(Yi−1 \ Yi)
≤
{
2n−1♯((Yi−1 \ Yi) mod 2i) = 2n−1(♯(Yi−1 mod 2i)− ♯(Yi mod 2i)) if i ≥ 2,
2n−2♯((Y0 \ Y1) mod 22) = 2n−2(♯(Y0 mod 22)− ♯(Y1 mod 22)) if i = 1
by the definition of Yi, Corollary 6.6 and Lemma 6.7. Hence
♯Y0 ≤22(n−l)♯(Yl mod 2l) + 2n−1
l∑
i=2
(♯(Yi−1 mod 2
i)− ♯(Yi mod 2i))
+ 2n−2(♯(Y0 mod 2
2)− ♯(Y1 mod 22))
=(22(n−l) − 2n−1)♯(Yl mod 2l) + 2n−1
l−1∑
i=2
(♯(Yi mod 2
i+1)− ♯(Yi mod 2i))
+ 2n−2♯(Y1 mod 2
2) + 2n−2♯(Y0 mod 2
2).
By Lemma 5.3, we see
♯(Yi mod 2
i+1)− ♯(Yi mod 2i) ≤ (22 − 1)♯(Yi mod 2i) = 3♯(Yi mod 2i)
for 2 ≤ i ≤ l − 1. Thus we have
♯Y0 ≤(22(n−l) − 2n−1)♯(Yl mod 2l) + 3 · 2n−1(
l−1∑
i=2
♯(Yi mod 2
i))
+ 2n−2♯(Y1 mod 2
2) + 2n−2♯(Y0 mod 2
2).
As
♯(Yi mod 2
i) ≤
{
2 if i = 2,
4 if i ≥ 3
and
♯(Y1 mod 2
2) ≤ 2
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by Corollary 5.11 and Remark 5.4, we get
♯Y0 ≤(22(n−l) − 2n−1) · 4 + 3 · 2n−1 · 4(l − 3) + 3 · 2n−1 · 2 + 2n−2 · 2
+ 2n−2♯(Y0 mod 2
2)
=a(σ, 2)n + 2
n−2(♯(H/H2) ∩ Conj(σ)− 2).

We also use a slightly different way to control ♯H ∩Conj(τ) and ♯H ∩Conj(upr )
when p = 2.
Let n ≥ 2 be an integer and let H ⊆ SL2(Z/2r+nZ) be a slim subgroup. Put
l′ :=
{
n
2 if n is even,
n+1
2 if n is odd.
Define a decreasing sequence
Z0 ⊇ Z1 ⊇ · · · ⊇ Zi ⊇ Zi+1 ⊇ · · · ⊇ Zl′−1
by
Zi :=
{
H ∩ Conj(α) if i = 0,
{α′ ∈ H ∩ Conj(α)|Hr+n−i = V r+n,r+n−iα′ } if 1 ≤ i ≤ l′ − 1.
When p = 2, we use Zi only for
i = 0, 2 ≤ i ≤ l′ − 1 if α = τ and n ≥ 5,
i = 0, 1 if α = u2
r
and 4 ≤ n ≤ 6,
i = 0, 1, 3 ≤ i ≤ l′ − 1 if α = u2r and n ≥ 7,
so that the hypothesis in Lemma 5.3 is satisfied.
Lemma 6.15. For three integers i, i′, i′′ satisfying 0 ≤ i′ < i ≤ i′′ ≤ l, we have
(Zi′ \ Zi) mod pr+i
′′
= (Zi′ mod p
r+i′′) \ (Zi mod pr+i
′′
).
Proof. The same as the proof of Lemma 6.7.

We control the number of elements conjugate to τ in a slim subgroup H ⊆
SL2(Z/2nZ).
Define a sequence {a(τ, 2)n}n≥5 as follows:
a(τ, 2)n :=
{
(3l′ − 5) · 2n+1 if n = 2l′,
(3l′ − 7) · 2n+1 if n = 2l′ − 1.
Proposition 6.16. Let n ≥ 5 be an integer and let H ⊆ SL2(Z/2nZ) be a slim
subgroup. Then we have
♯H ∩ Conj(τ) ≤ a(τ, 2)n + 2n−2(♯(H/H3) ∩ Conj(τ)− 8).
Proof. Decompose
♯Z0 = ♯Zl′−1 +
l′−1∑
i=3
♯(Zi−1 \ Zi) + ♯(Z0 \ Z2).
We have
♯Zl′−1 ≤ 22(n−l
′)♯(Zl′−1 mod 2
l′)
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by Lemma 5.3. By the definition of Zi, Corollary 6.6 and Lemma 6.15, we see
♯(Zi−1 \ Zi) ≤2n−2♯((Zi−1 \ Zi) mod 2i+1)
=2n−2(♯(Zi−1 mod 2
i+1)− ♯(Zi mod 2i+1))
for 3 ≤ i ≤ l′ − 1 and
♯(Z0 \ Z2) ≤ 2n−2♯((Z0 \ Z2) mod 23) = 2n−2(♯(Z0 mod 23)− ♯(Z2 mod 23)).
Hence
♯Z0 ≤22(n−l′)♯(Zl′−1 mod 2l′) + 2n−2
l′−1∑
i=3
(♯(Zi−1 mod 2
i+1)− ♯(Zi mod 2i+1))
+ 2n−2(♯(Z0 mod 2
3)− ♯(Z2 mod 23))
=(22(n−l
′) − 2n−2)♯(Zl′−1 mod 2l′)
+ 2n−2
l′−2∑
i=2
(♯(Zi mod 2
i+2)− ♯(Zi mod 2i+1)) + 2n−2♯(Z0 mod 23).
By Lemma 5.3, we see
♯(Zi mod 2
i+2)− ♯(Zi mod 2i+1) ≤ (22 − 1)♯(Zi mod 2i+1) = 3♯(Zi mod 2i+1)
for 2 ≤ i ≤ l′ − 2. Therefore
♯Z0 ≤(22(n−l′) − 2n−2)♯(Zl′−1 mod 2l′) + 3 · 2n−2
l′−2∑
i=2
♯(Zi mod 2
i+1)
+ 2n−2♯(Z0 mod 2
3).
By Corollary 5.13 and Lemma 5.3, we have
♯(Zi mod 2
i+1) ≤ 23
for 2 ≤ i ≤ l′ − 1. Consequently, we get
♯Z0 ≤ (22(n−l′) − 2n−2) · 23 + 3 · 2n−2(l′ − 3) · 23 + 2n−2♯(Z0 mod 23)
= a(τ, 2)n + 2
n−2(♯(H/H3) ∩ Conj(τ) − 8).

We find another control of the number of elements conjugate to u2
r
in a slim
subgroup H ⊆ SL2(Z/2r+nZ). It is better than a previous one for a small n.
Define a sequence {b(u, 2)n}n≥4 as follows:
b(u, 2)n :=
{
3 · 23l′−2 − 2n+1 if n = 2l′,
23l
′−2 − 2n+1 if n = 2l′ − 1.
Proposition 6.17. Let r ≥ 0, n ≥ 4 be integers and let H ⊆ SL2(Z/2r+nZ) be a
slim subgroup. Then we have
♯H ∩ Conj(u2r) ≤ b(u, 2)n + 2n−3(♯(H/Hr+3) ∩ Conj(u2
r
)− 4).
Proof. Decompose
♯Z0 = ♯Z1 + ♯(Z0 \ Z1).
We have
♯Z1 ≤ 22(n−3)♯(Z1 mod 2r+3)
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by Lemma 5.3. We see
♯(Z0 \Z1) ≤ 2n−3♯((Z0 \Z1) mod 2r+3) = 2n−3(♯(Z0 mod 2r+3)− ♯(Z1 mod 2r+3))
by the definition of Z1, Corollary 6.6 and Lemma 6.15. Hence
♯Z0 ≤ (22(n−3) − 2n−3)♯(Z1 mod 2r+3) + 2n−3♯(Z0 mod 2r+3).
As
♯(Z1 mod 2
r+3) ≤ 22
by Corollary 5.17 and Remark 5.4, we get
♯Z0 ≤ (22(n−3) − 2n−3) · 22 + 2n−3♯(Z0 mod 2r+3)
= 22n−4 + 2n−3(♯(H/Hr+3) ∩ Conj(u2r)− 4).
This shows the desired inequality for n = 4, 5, 6.
Assume n ≥ 7, so that we have l′ ≥ 4. Decompose
♯Z0 = ♯Zl′−1 +
l′−1∑
i=4
♯(Zi−1 \ Zi) + ♯(Z1 \ Z3) + ♯(Z0 \ Z1).
We have
♯Zl′−1 ≤ 22(n−l′)♯(Zl′−1 mod 2r+l′)
by Lemma 5.3. By the definition of Zi, Corollary 6.6 and Lemma 6.15, we see
♯(Zi−1 \ Zi) ≤2n−2♯((Zi−1 \ Zi) mod 2r+i+1)
=2n−2(♯(Zi−1 mod 2
r+i+1)− ♯(Zi mod 2r+i+1))
for 4 ≤ i ≤ l′ − 1,
♯(Z1 \Z3) ≤ 2n−2♯((Z1 \Z3) mod 2r+4) = 2n−2(♯(Z1 mod 2r+4)− ♯(Z3 mod 2r+4))
and
♯(Z0 \Z1) ≤ 2n−3♯((Z0 \Z1) mod 2r+3) = 2n−3(♯(Z0 mod 2r+3)− ♯(Z1 mod 2r+3)).
Hence
♯Z0 ≤22(n−l
′)♯(Zl′−1 mod 2
r+l′) + 2n−2
l′−1∑
i=4
(♯(Zi−1 mod 2
r+i+1)− ♯(Zi mod 2r+i+1))
+ 2n−2(♯(Z1 mod 2
r+4)− ♯(Z3 mod 2r+4))
+ 2n−3(♯(Z0 mod 2
r+3)− ♯(Z1 mod 2r+3))
=(22(n−l
′) − 2n−2)♯(Zl′−1 mod 2r+l′)
+ 2n−2
l′−2∑
i=3
(♯(Zi mod 2
r+i+2)− ♯(Zi mod 2r+i+1))
+ 2n−3(2♯(Z1 mod 2
r+4)− ♯(Z1 mod 2r+3)) + 2n−3♯(Z0 mod 2r+3).
By Lemma 5.3, we see
♯(Zi mod 2
r+i+2)− ♯(Zi mod 2r+i+1) ≤(22 − 1)♯(Zi mod 2r+i+1)
=3♯(Zi mod 2
r+i+1)
for 3 ≤ i ≤ l′ − 2 and
2♯(Z1 mod 2
r+4)−♯(Z1 mod 2r+3) ≤ (2 ·22−1)♯(Z1 mod 2r+3) = 7♯(Z1 mod 2r+3).
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Therefore
♯Z0 ≤(22(n−l′) − 2n−2)♯(Zl′−1 mod 2r+l′) + 3 · 2n−2
l′−2∑
i=3
♯(Zi mod 2
r+i+1)
+ 7 · 2n−3♯(Z1 mod 2r+3) + 2n−3♯(Z0 mod 2r+3).
By Corollary 5.17 and Lemma 5.3, we have
♯(Zi mod 2
r+i+1) ≤ 2i
for 3 ≤ i ≤ l′ − 1. We have seen
♯(Z1 mod 2
r+3) ≤ 22
before. Consequently, we get
♯Z0 ≤ (22(n−l
′) − 2n−2) · 2l′−1 + 3 · 2n−2
l′−2∑
i=3
2i + 7 · 2n−3 · 22 + 2n−3♯(Z0 mod 2r+3)
= b(u, 2)n + 2
n−3(♯(H/Hr+3) ∩ Conj(u2r)− 4).

7. Proof of the main theorem
Now we prove Theorem 3.9. Recall the four types of groups
B =
{(∗ ∗
0 ∗
)}
∩ SL2(Z/pZ),
C =
{(∗ 0
0 ∗
)
,
(
0 ∗
∗ 0
)}
∩ SL2(Z/pZ),
D =
{(
x y
λy x
)
,
(
x y
−λy −x
)}
∩ SL2(Z/pZ),
E = (an exceptional subgroup) ∩ SL2(Z/pZ).
For a subgroup H ⊆ G = SL2(Z/pnZ), recall (4.1):
δH = 1− 3 ♯H ∩ Conj(σ)
♯Conj(σ)
− 4 ♯H ∩ Conj(τ)
♯Conj(τ)
− 6 ♯I\G/H
[G : H ]
,
and (4.2), (4.3):
♯I\G/H
[G : H ]
=
n−1∑
s=0
p− 1
ps+1
♯H ∩Conj(ups)
♯Conj(ups)
+
1
pn
≤
t−1∑
s=0
p− 1
ps+1
♯H ∩ Conj(ups)
♯Conj(ups)
+
1
pt
,
where 1 ≤ t ≤ n.
Lemma 7.1. Let p ≥ 5 and assume a subgroup H ⊆ SL2(Z/pZ) is contained in an
exceptional subgroup E. If p ≥ 17, then δH > 0.
Proof. In SL2(Z/pZ), we have ♯Conj(σ) ≥ (p − 1)p and ♯Conj(τ) ≥ (p − 1)p by
Lemma 5.1. Lemma 4.9 shows that in SL2(Z/pZ) we have ♯E ∩ Conj(σ) ≤ 30,
♯E ∩ Conj(τ) ≤ 20 and ♯E ∩ Conj(u) = 0. Since ♯E ∩ Conj(u) = 0, we have
♯I\G/H
[G:H] =
1
p . Therefore δH ≥ 1 − 3 · 30(p−1)p − 4 · 20(p−1)p − 6 · 1p = p
2−7p−164
(p−1)p > 0 if
p ≥ 17.

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Proposition 7.2. Assume p = 19. For any slim subgroup H ⊆ SL2(Z/192Z)
satisfying H/H1 ⊆ B, we have δH > 0.
Proof. In SL2(Z/192Z), we have ♯Conj(τ) = 20 · 193 and ♯Conj(u) = 12 (p2 − 1)p2
by Lemma 5.1. Lemma 4.9 shows that in SL2(Z/19Z) we have ♯B ∩ Conj(σ) = 0,
♯B∩Conj(τ) = 2p = 38 and ♯B∩Conj(u) = 12 (p−1) = 9. By Corollary 6.10, we have
♯H ∩ Conj(τ) ≤ a(τ, p)2 + p(38 − 2) = 74 · 19. Hence ♯H∩Conj(τ)♯Conj(τ) ≤ 74·1920·193 = 3710·192 .
We have ♯H ∩ Conj(u) ≤ p2♯(H/H1) ∩ Conj(u) by Lemma 5.3. Thus ♯H∩Conj(u)♯Conj(u) ≤
p2· 12 (p−1)
1
2 (p
2−1)p2
= 1p+1 . Therefore
♯I\G/H
[G:H] ≤ p−1p · 1p+1 + 1p = 2p+1 = 110 . Consequently,
δH ≥ 1− 3 · 0− 4 · 3710·192 − 6 · 110 = 1805−74−10835·192 > 0, as required.

Proposition 7.3. Assume p = 17. For any slim subgroup H ⊆ SL2(Z/172Z)
satisfying H/H1 ⊆ B, we have δH > 0.
Proof. In SL2(Z/172Z) we have ♯Conj(σ) = 18 · 173 and ♯Conj(u) = 12 (p2− 1)p2 by
Lemma 5.1. Lemma 4.9 shows that in SL2(Z/17Z) we have ♯B∩Conj(σ) = 2p = 34,
♯B ∩ Conj(τ) = 0 and ♯B ∩ Conj(u) = 12 (p − 1) = 8. By Corollary 6.9, we have
♯H ∩ Conj(σ) ≤ a(σ, p)2 + p(34 − 2) = 66 · 17. Hence ♯H∩Conj(σ)♯Conj(σ) ≤ 66·1718·173 = 113·172 .
We also have ♯H∩Conj(u)♯Conj(u) ≤ 1p+1 by the same reason as in Proposition 7.2. Thus
I\G/H
[G:H] ≤ p−1p · 1p+1 + 1p = 2p+1 = 19 . Consequently, δH ≥ 1− 3 · 113·172 − 4 · 0− 6 · 19 =
867−33−578
3·172 > 0.

Proposition 7.4. Assume p = 13. Take a slim subgroup H ⊆ SL2(Z/132Z). If
H/H1 is contained in B or E, then δH > 0.
Proof. In SL2(Z/132Z) we have ♯Conj(σ) = ♯Conj(τ) = 14 ·133, ♯Conj(u) = 12 (p2−
1)p2 and ♯Conj(up) = 12 (p
2 − 1) by Lemma 5.1, 5.2.
Suppose H/H1 ⊆ B. Lemma 4.9 shows that in SL2(Z/13Z) we have ♯B ∩
Conj(σ) = 2p = 26, ♯B ∩ Conj(τ) = 2p = 26 and ♯B ∩ Conj(u) = 12 (p − 1) = 6.
By Corollary 6.9, we have ♯H ∩ Conj(σ) ≤ a(σ, p)2 + p(26 − 2) = 50 · 13. Hence
♯H∩Conj(σ)
♯Conj(σ) ≤ 50·1314·133 = 257·132 . The same calculation shows ♯H∩Conj(τ)♯Conj(τ) ≤ 257·132 .
We have B ∩ Conj(u) =
{(
1 s2
0 1
)
∈ SL2(Z/pZ)|(p, s) = 1
}
by Lemma 4.9, and
Vu′ = Vu =
{
1 + p
(
a b
0 −a
)}
for any u′ ∈
{(
1 s2
0 1
)
|(p, s) = 1
}
by Lemma 5.3
and Corollary 5.16.
If H contains Vu, then the (2, 1) entry of an element of H ∩ Conj(up) must
be zero since H is slim, thus H ∩ Conj(up) ⊆
{(
1 ps2
0 1
)
|(p, s) = 1
}
. Hence
♯H∩Conj(up)
♯Conj(up) ≤
1
2 (p−1)
1
2 (p
2−1)
= 1p+1 . We also have
♯H∩Conj(u)
♯Conj(u) ≤ 1p+1 as in Proposition
7.2. Thus ♯I\G/H[G:H] ≤ p−1p · 1p+1 + p−1p2 · 1p+1 + 1p2 = 1p = 113 . Therefore δH ≥
1− 3 · 257·132 − 4 · 257·132 − 6 · 113 = 1183−75−100−5467·132 > 0.
If H does not contain Vu, for each element x ∈ (H/H1)∩Conj(u) ⊆ B∩Conj(u)
(there are at most 12 (p− 1) such elements by Lemma 4.9) we have ♯(fH,u2,1 )−1(x) ≤
p = 13 by Lemma 6.5. Hence ♯H∩Conj(u)♯Conj(u) ≤
p· 12 (p−1)
1
2 (p
2−1)p2
= 1p(p+1) and
♯I\G/H
[G:H] ≤
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p−1
p · 1p(p+1) + 1p = p
2+2p−1
(p+1)p2 =
97
7·132 . Therefore δH ≥ 1−3 · 257·132 −4 · 257·132 −6 · 977·132 =
1183−75−100−582
7·132 > 0.
Next suppose H/H1 ⊆ E. Lemma 4.9 shows that in SL2(Z/13Z) we have ♯E ∩
Conj(σ) ≤ 18, ♯E ∩ Conj(τ) ≤ 8 and ♯E ∩ Conj(u) = 0. By Corollary 6.9, we have
♯H ∩ Conj(σ) ≤ a(σ, p)2 + p(18 − 2) = 42 · 13. Hence ♯H∩Conj(σ)♯Conj(σ) ≤ 42·1314·133 = 3132 .
By Corollary 6.10, we have ♯H ∩ Conj(τ) ≤ a(τ, p)2 + p(8 − 2) = 32 · 13. Hence
♯H∩Conj(τ)
♯Conj(τ) ≤ 32·1314·133 = 167·132 . Since ♯(H/H1) ∩ Conj(u) = 0, we have ♯I\G/H[G:H] ≤
1
p =
1
13 (take t = 1 in (4.3)). Therefore δH ≥ 1 − 3 · 3132 − 4 · 167·132 − 6 · 113 =
1183−63−64−546
7·132 > 0.

Proposition 7.5. Assume p = 11. Take a slim subgroup H ⊆ SL2(Z/112Z). If
H/H1 is contained in B, D or E, then δH > 0.
Proof. In SL2(Z/112Z) we have ♯Conj(σ) = ♯Conj(τ) = 10 ·113, ♯Conj(u) = 12 (p2−
1)p2 and ♯Conj(up) = 12 (p
2 − 1) by Lemma 5.1, 5.2.
Suppose H/H1 ⊆ B. Lemma 4.9 shows that in SL2(Z/11Z) we have ♯B ∩
Conj(σ) = 0, ♯B ∩ Conj(τ) = 0 and ♯B ∩Conj(u) = 12 (p− 1) = 5.
IfH contains Vu, then the same calculation as in Proposition 7.4 shows
♯I\G/H
[G:H] ≤
1
p =
1
11 . Therefore δH ≥ 1− 3 · 0− 4 · 0− 6 · 111 = 11−611 > 0.
If H does not contain Vu, as in Proposition 7.4,
♯I\G/H
[G:H] ≤ p
2+2p−1
(p+1)p2 =
71
2·3·112 .
Therefore δH ≥ 1− 3 · 0− 4 · 0− 6 · 712·3·112 = 121−71112 > 0.
Next suppose H/H1 ⊆ E. Lemma 4.9 shows that in SL2(Z/11Z) we have ♯E ∩
Conj(σ) ≤ 30, ♯E ∩Conj(τ) ≤ 20 and ♯E ∩Conj(u) = 0. By Corollary 6.9, we have
♯H ∩ Conj(σ) ≤ a(σ, p)2 + p(30 − 2) = 50 · 11. Hence ♯H∩Conj(σ)♯Conj(σ) ≤ 50·1110·113 = 5112 .
By Corollary 6.10, we have ♯H ∩ Conj(τ) ≤ a(τ, p)2 + p(20 − 2) = 40 · 11. Hence
♯H∩Conj(τ)
♯Conj(τ) ≤ 40·1110·113 = 4112 . Since ♯(H/H1)∩Conj(u) = 0, we have ♯I\G/H[G:H] ≤ 1p = 111 .
Therefore δH ≥ 1− 3 · 5112 − 4 · 4112 − 6 · 111 = 121−15−16−66112 > 0.
Finally, suppose H/H1 ⊆ D. Lemma 4.9 shows that in SL2(Z/11Z) we have
♯D ∩ Conj(σ) = p + 3 = 14, ♯D ∩ Conj(τ) = 2 and ♯D ∩ Conj(u) = 0. Since
♯D∩Conj(σ) < 30, ♯D ∩Conj(τ) < 20 and ♯D∩Conj(u) = 0, the calculation for E
shows δH > 0 in this case.

Proposition 7.6. Assume p = 7. Take a slim subgroup H ⊆ SL2(Z/73Z). If
H/H1 is contained in B, C, D or E , then δH > 0.
Proof. In SL2(Z/73Z) we have ♯Conj(σ) = 6 · 75, ♯Conj(τ) = 8 · 75, ♯Conj(u) =
1
2 (p
2 − 1)p4, ♯Conj(up) = 12 (p2 − 1)p2 and ♯Conj(up
2
) = 12 (p
2 − 1) by Lemma 5.1,
5.2.
Suppose H/H1 ⊆ B. Lemma 4.9 shows that in SL2(Z/7Z) we have ♯B ∩
Conj(σ) = 0, ♯B ∩ Conj(τ) = 2p = 14 and ♯B ∩ Conj(u) = 12 (p − 1) = 3. By
Corollary 6.10, we have ♯H ∩ Conj(τ) ≤ a(τ, p)3 + p2(14 − 2) = 110 · 72. Hence
♯H∩Conj(τ)
♯Conj(τ) ≤ 110·7
2
8·75 =
55
22·73 .
If H/H2 contains V
2,1
u =
{
1 + p
(
a b
0 −a
)}
, then the (2, 1) entry of an el-
ement of (H/H2) ∩ Conj(up) must be zero as we have seen in Proposition 7.4,
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thus (H/H2) ∩ Conj(up) ⊆
{(
1 ps2
0 1
)
|(p, s) = 1
}
. We have ♯H ∩ Conj(up) ≤
p2♯(H/H2) ∩ Conj(up) by Lemma 5.3. Hence ♯H∩Conj(u
p)
♯Conj(up) ≤
p2· 12 (p−1)
1
2 (p
2−1)p2
= 1p+1 . As
H/H2 contains
{
1 + p
(
a b
0 −a
)}
, the subgroup H contains
{
1 + p2
(
a b
0 −a
)}
.
Thus the (2, 1) entry of an element of H ∩Conj(up2) must be zero since H is slim,
and H ∩ Conj(up2) ⊆
{(
1 p2s2
0 1
)
|(p, s) = 1
}
. Hence ♯H∩Conj(u
p2)
♯Conj(up2)
≤ 12 (p−1)1
2 (p
2−1)
=
1
p+1 . We also have
♯H∩Conj(u)
♯Conj(u) ≤ 1p+1 as in Proposition 7.2. Therefore ♯I\G/H[G:H] ≤
p−1
p · 1p+1 + p−1p2 · 1p+1 + p−1p3 · 1p+1 + 1p3 = p
2+1
(p+1)p2 =
25
22·72 . Consequently, δH ≥
1− 3 · 0− 4 · 5522·73 − 6 · 2522·72 = 686−110−5252·73 > 0.
If H/H2 does not contain V
2,1
u , for each element x ∈ (H/H1) ∩ Conj(u) ⊆
B ∩ Conj(u) (there are at most 12 (p − 1) such elements by Lemma 4.9) we have
♯(fH,u3,1 )
−1(x) ≤ p2♯(fH,u2,1 )−1(x) ≤ p3 by Lemma 5.3, 6.5. Thus ♯H∩Conj(u)♯Conj(u) ≤
p3· 12 (p−1)
1
2 (p
2−1)p4
= 1(p+1)p =
1
23·7 . By Corollary 6.12, we have ♯H ∩ Conj(up) ≤ a(u, p)2 +
p(12 (p
2 − 1) − 12 (p − 1)) = (p − 1)p2. Thus ♯H∩Conj(u
p)
♯Conj(up) ≤ (p−1)p
2
1
2 (p
2−1)p2
= 2p+1 =
1
4 .
Therefore ♯I\G/H[G:H] ≤ p−1p · 1(p+1)p + p−1p2 · 2p+1 + 1p2 = 4p−2(p+1)p2 = 1322·72 . Consequently,
δH ≥ 1− 3 · 0− 4 · 5522·73 − 6 · 1322·72 = 686−110−2732·73 > 0.
Next suppose H/H1 ⊆ E. Lemma 4.9 shows that in SL2(Z/7Z) we have ♯E ∩
Conj(σ) ≤ 18, ♯E ∩ Conj(τ) ≤ 8 and ♯E ∩ Conj(u) = 0. By Corollary 6.9, we have
♯H ∩ Conj(σ) ≤ a(σ, p)3 + p2(18 − 2) = 114 · 72. Hence ♯H∩Conj(σ)♯Conj(σ) ≤ 114·7
2
6·75 =
19
73 .
By Corollary 6.10, we have ♯H ∩ Conj(τ) ≤ a(τ, p)3 + p2(8 − 2) = 104 · 72. Hence
♯H∩Conj(τ)
♯Conj(τ) ≤ 104·7
2
8·75 =
13
73 . The same calculation as above (the case that H/H1 ⊆ B
and H/H2 does not contain V
2,1
u ) shows the inequality
♯H∩Conj(up)
♯Conj(up) ≤ 2p+1 = 14 .
Therefore ♯I\G/H[G:H] ≤ p−1p · 0 + p−1p2 · 2p+1 + 1p2 = 3p−1(p+1)p2 = 52·72 . Consequently,
δH ≥ 1− 3 · 1973 − 4 · 1373 − 6 · 52·72 = 343−57−52−10573 > 0.
Suppose H/H1 ⊆ C. Lemma 4.9 shows that in SL2(Z/7Z) we have ♯C ∩
Conj(σ) = p − 1 = 6 < 18, ♯C ∩ Conj(τ) = 2 < 8, ♯C ∩ Conj(u) = 0. The
calculation for E shows δH > 0 in this case.
Finally, suppose H/H1 ⊆ D. Lemma 4.9 shows that in SL2(Z/7Z) we have
♯D ∩Conj(σ) = p+3 = 10 < 18, ♯D ∩Conj(τ) = 0 < 8 and ♯D ∩Conj(u) = 0. The
calculation for E also shows δH > 0 in this case.

Proposition 7.7. Assume p = 5. Take a slim subgroup H ⊆ SL2(Z/53Z). If
H/H1 is contained in C, then δH > 0.
Proof. In SL2(Z/53Z) we have ♯Conj(σ) = 6 · 55, and ♯Conj(up) = 12 (52 − 1)52 =
12 · 52 by Lemma 5.1, 5.2. Lemma 4.9 shows that in SL2(Z/5Z) we have ♯C ∩
Conj(σ) = p+1 = 6, ♯C ∩Conj(τ) = 0 and ♯C ∩Conj(u) = 0. By Corollary 6.9, we
have ♯H ∩Conj(σ) ≤ a(σ, p)3 + p3(6− 2) = 54 · 52. Hence ♯H∩Conj(σ)♯Conj(σ) ≤ 54·5
2
6·55 =
9
53 .
In SL2(Z/52Z) we have ♯Conj(u5) = 12 by Lemma 5.2. By Corollary 6.12, we
have ♯H ∩ Conj(up) ≤ a(u, p)2 + p(12 − 12 (5 − 1)) = 4 · 52. Hence ♯H∩Conj(u
p)
♯Conj(up) ≤
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4·52
12·52 =
1
3 . Therefore
♯I\G/H
[G:H] ≤ 5−15 · 0 + 5−152 · 13 + 152 = 73·52 . Consequently,
δH ≥ 1− 3 · 953 − 4 · 0− 6 · 73·52 = 125−27−7053 > 0.

Proposition 7.8. Assume p = 5. Take a slim subgroup H ⊆ SL2(Z/54Z). If
H/H1 is contained in B, D or E, then δH > 0.
Proof. In SL2(Z/54Z) we have ♯Conj(σ) = 6·57, ♯Conj(τ) = 4·57, ♯Conj(u) = 12·56,
♯Conj(up) = 12 · 54 and ♯Conj(up2) = 12 · 52 by Lemma 5.1, 5.2.
Suppose H/H1 ⊆ B. Lemma 4.9 shows that in SL2(Z/5Z) we have ♯B ∩
Conj(σ) = 2p = 10, ♯B ∩ Conj(τ) = 0 and ♯B ∩ Conj(u) = 12 (p − 1) = 2. By
Corollary 6.9, we have ♯H ∩ Conj(σ) ≤ a(σ, p)4 + p3(10 − 2) = 66 · 53. Hence
♯H∩Conj(σ)
♯Conj(σ) ≤ 66·5
3
6·57 =
11
54 . By Corollary 6.12, we have ♯H ∩ Conj(u) ≤ a(u, p)4 =
18 · 54. Hence ♯H∩Conj(u)♯Conj(u) ≤ 18·5
4
12·56 =
3
2·52 . In SL2(Z/5
2Z) we have ♯Conj(up) = 12
by Lemma 5.2. Again by Corollary 6.12, we have ♯H ∩ Conj(up) ≤ a(u, p)3 +
p2(12 − 12 (5 − 1)) = 12 · 53. Hence ♯H∩Conj(u
p)
♯Conj(up) ≤ 12·5
3
12·54 =
1
5 . Similarly ♯H ∩
Conj(up
2
) ≤ a(u, p)2 + p(12 − 12 (5 − 1)) = 4 · 52. Hence ♯H∩Conj(u
p2)
♯Conj(up2)
≤ 4·5212·52 = 13 .
Therefore ♯I\G/H[G:H] ≤ 5−15 · 32·52 + 5−152 · 15 + 5−153 · 13 + 153 = 373·53 . Consequently,
δH ≥ 1− 3 · 1154 − 4 · 0− 6 · 373·53 = 625−33−37054 > 0.
Next suppose H/H1 ⊆ E. Lemma 4.9 shows that in SL2(Z/5Z) we have ♯E ∩
Conj(σ) ≤ 18, ♯E ∩ Conj(τ) ≤ 8 and ♯E ∩ Conj(u) = 0. By Corollary 6.9, we have
♯H ∩ Conj(σ) ≤ a(σ, p)4 + p3(18 − 2) = 74 · 53. Hence ♯H∩Conj(σ)♯Conj(σ) ≤ 74·5
3
6·57 =
37
3·54 .
By Corollary 6.10, we have ♯H ∩ Conj(τ) ≤ a(τ, p)4 + p3(8 − 2) = 64 · 53. Hence
♯H∩Conj(τ)
♯Conj(τ) ≤ 64·5
3
4·57 =
16
54 . The calculation in the Borel case shows
♯I\G/H
[G:H] ≤ 5−15 ·
0+ 5−152 · 15 + 5−153 · 13 + 153 = 193·53 . Consequently, δH ≥ 1− 3 · 373·54 − 4 · 1654 − 6 · 193·53 =
625−37−64−190
54 > 0.
Finally, suppose H/H1 ⊆ D. Lemma 4.9 shows that in SL2(Z/5Z) we have
♯D ∩ Conj(σ) = p+ 1 = 6 < 18, ♯D ∩ Conj(τ) = 2 < 8 and ♯D ∩ Conj(u) = 0. The
calculation for E shows δH > 0 in this case.

Proposition 7.9. Assume p = 3. Take a slim subgroup H ⊆ SL2(Z/36Z). If
H/H1 is contained in B, C, D or H/H1 = SL2(Z/3Z), then δH > 0.
Proof. In SL2(Z/36Z) we have ♯Conj(σ) = 2·311, ♯Conj(τ) = 4·310 and ♯Conj(u3i) =
4 · 310−2i for 0 ≤ i ≤ 4 by Lemma 5.1, 5.2.
Suppose H/H1 ⊆ B. Lemma 4.9 shows that in SL2(Z/3Z) we have ♯B ∩
Conj(σ) = 0, ♯B ∩ Conj(τ) = 1 and ♯B ∩ Conj(u) = 1. By Corollary 6.11, we have
♯H ∩ Conj(τ) ≤ a(τ, 3)6 = 13 · 36. Hence ♯H∩Conj(τ)♯Conj(τ) ≤ 13·3
6
4·310 =
13
22·34 . By Corollary
6.12, we have ♯H∩Conj(u) ≤ a(u, 3)6 = 17·36. Hence ♯H∩Conj(u)♯Conj(u) ≤ 17·3
6
4·310 =
17
22·34 . In
SL2(Z/3r+1Z) we have ♯Conj(u3
r
) = 12 (3
2−1) = 4 by Lemma 5.2. Again by Corol-
lary 6.12, we have ♯H∩Conj(u3i) ≤ a(u, 3)6−i+35−i(4− 12 (3−1)) = a(u, 3)6−i+36−i
for 1 ≤ i ≤ 4. Hence
♯H ∩ Conj(u3i)
♯Conj(u3i)
≤ a(u, 3)6−i + 3
6−i
4 · 310−2i
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for 1 ≤ i ≤ 4. Therefore
♯I\G/H
[G : H ]
≤3− 1
3
· 17
22 · 34 +
4∑
i=1
3− 1
3i+1
· a(u, 3)6−i + 3
6−i
4 · 310−2i +
1
35
=
17 + 12 + 6 + 4 + 2 + 2
2 · 35 =
43
2 · 35 .
Consequently, δH ≥ 1− 3 · 0− 4 · 1322·34 − 6 · 432·35 = 81−13−4334 > 0.
Next suppose H/H1 = SL2(Z/3Z). Since H/H2 ( SL2(Z/32Z) by Lemma 2.1,
we have H ∩ Conj(u) = ∅ by Lemma 4.4. Lemma 5.1 shows that in SL2(Z/3Z) we
have ♯Conj(σ) = 6 and ♯Conj(τ) = 4. By Corollary 6.9, we have ♯H ∩ Conj(σ) ≤
a(σ, 3)6+3
5(6−2) = 14 ·36. Hence ♯H∩Conj(σ)♯Conj(σ) ≤ 14·3
6
2·311 =
7
35 . By Corollary 6.11, we
have ♯H ∩Conj(τ) ≤ a(τ, 3)6+35(4− 1) = 14 ·36. Hence ♯H∩Conj(τ)♯Conj(τ) ≤ 14·3
6
4·310 =
7
2·34 .
The same calculation as in the Borel case shows
♯I\G/H
[G : H ]
≤ 3− 1
3
· 0 +
4∑
i=1
3− 1
3i+1
· a(u, 3)6−i + 3
6−i
4 · 310−2i +
1
35
=
13
35
.
Consequently, δH ≥ 1− 3 · 735 − 4 · 72·34 − 6 · 1335 = 81−7−14−2634 > 0.
Suppose H/H1 ⊆ C. Lemma 4.9 shows that in SL2(Z/3Z) we have ♯C ∩
Conj(σ) = 2 < 6, ♯C ∩ Conj(τ) = 0 < 4, ♯C ∩ Conj(u) = 0. The calculation
for the case H/H1 = SL2(Z/3Z) shows δH > 0 in this case.
Finally, suppose H/H1 ⊆ D. Lemma 4.9 shows that in SL2(Z/3Z) we have
♯D ∩ Conj(σ) = 6, ♯D ∩ Conj(τ) = 0 < 4 and ♯D ∩ Conj(u) = 0. The calculation
for the case H/H1 = SL2(Z/3Z) also shows δH > 0 in this case.

As is well-known, we have SL2(Z/2Z) ∼= S3 as a group. All non-trivial subgroups
of SL2(Z/2Z) are the following:
B =
{(
1 0
0 1
)
,
(
1 1
0 1
)}
,
{(
1 0
0 1
)
,
(
1 0
1 1
)}
,
{(
1 0
0 1
)
,
(
0 1
1 0
)}
,
F =
{(
1 0
0 1
)
,
(
1 1
1 0
)
,
(
0 1
1 1
)}
.
The first three groups are conjugate.
Proposition 7.10. Assume p = 2. Take a slim subgroup H ⊆ SL2(Z/211Z). If
H/H1 is contained in B, then δH > 0.
Proof. In SL2(Z/211Z) we have ♯Conj(σ) = 3 · 219 and ♯Conj(u2i) = 3 · 218−2i
for 0 ≤ i ≤ 7 by Lemma 5.1, 5.2. By Lemma 4.6, we see that in SL2(Z/4Z) we
have ♯f−12,1 (B) ∩ Conj(σ) = 2, ♯f−12,1 (B) ∩ Conj(τ) = 0, ♯f−12,1 (B) ∩ Conj(u) = 2
and ♯f−12,1 (B) ∩ Conj(u2) = 3. By Proposition 6.14, we have ♯H ∩ Conj(σ) ≤
a(σ, 2)11 = 11 · 212. Hence ♯H∩Conj(σ)♯Conj(σ) ≤ 11·2
12
3·219 =
11
3·27 . We have ♯(H/H3) ∩
Conj(u) ≤ ♯f−13,1 (B) ∩ Conj(u) = 4 by Remark 5.4. By Corollary 6.13, we have
♯H ∩Conj(u) ≤ a(u, 2)11 + 210(4− 2) = 23 · 211. Hence ♯H∩Conj(u)♯Conj(u) ≤ 23·2
11
3·218 =
23
3·27 .
In SL2(Z/2r+3Z) we have ♯Conj(u2
r
) = 3 · 22 = 12 by Lemma 5.2. Again by
Corollary 6.13, we have ♯H ∩ Conj(u2) ≤ a(u, 2)10 + 29(12 − 2) = 19 · 210. Hence
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♯H∩Conj(u2)
♯Conj(u2) ≤ 19·2
10
3·216 =
19
3·26 . By Proposition 6.17, we have ♯H ∩ Conj(u2
i
) ≤
b(u, 2)11−i + 2
8−i(12− 4) = b(u, 2)11−i + 211−i for 2 ≤ i ≤ 7. Hence
♯H ∩ Conj(u2i)
♯Conj(u2i)
≤ b(u, 2)11−i + 2
11−i
3 · 218−2i
for 2 ≤ i ≤ 7. Therefore
♯I\G/H
[G : H ]
≤ 2− 1
2
· 23
3 · 27 +
2− 1
22
· 19
3 · 26 +
7∑
i=2
2− 1
2i+1
· b(u, 2)11−i + 2
11−i
3 · 218−2i +
1
28
=
23 + 19 + 15 + 11 + 7 + 5 + 3 + 2 + 3
3 · 28 =
11
3 · 25 .
Consequently, δH ≥ 1− 3 · 113·27 − 4 · 0− 6 · 113·25 = 128−11−8827 > 0.

Proposition 7.11. Assume p = 2. Take a slim subgroup H ⊆ SL2(Z/210Z). If
H/H1 is contained in F or H/H1 = SL2(Z/2Z), then δH > 0.
Proof. In SL2(Z/210Z) we have ♯Conj(σ) = 3·217, ♯Conj(τ) = 219 and ♯Conj(u2i) =
3 · 216−2i for 1 ≤ i ≤ 6 by Lemma 5.1, 5.2.
SupposeH/H1 ⊆ F . By Lemma 4.6, we see that in SL2(Z/4Z) we have ♯f−12,1 (F )∩
Conj(σ) = 0, ♯F ∩Conj(τ) = 2, ♯f−12,1 (F )∩Conj(u) = 0 and ♯f−12,1 (F )∩Conj(u2) = 3.
We have ♯(H/H3)∩Conj(τ) ≤ ♯f−13,1 (F ) ∩Conj(τ) = 2 · 24 = 32 by Lemma 5.3. By
Proposition 6.16, we have ♯H ∩ Conj(τ) ≤ a(τ, 2)10 + 28(32− 8) = 13 · 211. Hence
♯H∩Conj(τ)
♯Conj(τ) ≤ 13·2
11
219 =
13
28 . The same calculation as in the previous lemma shows
♯H ∩ Conj(u2i)
♯Conj(u2i)
≤ b(u, 2)10−i + 2
10−i
3 · 216−2i
for 1 ≤ i ≤ 6. Therefore
♯I\G/H
[G : H ]
≤ 2− 1
2
· 0 +
6∑
i=1
2− 1
2i+1
· b(u, 2)10−i + 2
10−i
3 · 216−2i +
1
27
=
15 + 11 + 7 + 5 + 3 + 2 + 3
3 · 27 =
23
3 · 26 .
Consequently, δH ≥ 1− 3 · 0− 4 · 1328 − 6 · 233·26 = 64−13−4626 > 0.
Next suppose H/H1 = SL2(Z/2Z). Since H/H2 ( SL2(Z/4Z) by Lemma 2.1, it
is conjugate to A1 by Lemma 4.7. Lemma 4.10 shows that in SL2(Z/4Z) we have
♯A1 ∩Conj(σ) = 3, ♯A1 ∩Conj(τ) = 2, ♯A1 ∩Conj(u) = 0 and ♯A1 ∩Conj(u2) = 0.
By Proposition 6.14, we have ♯H ∩Conj(σ) ≤ a(σ, 2)10 +28(3− 2) = 73 · 28. Hence
♯H∩Conj(σ)
♯Conj(σ) ≤ 73·2
8
3·217 =
73
3·29 . We have ♯(H/H3) ∩ Conj(τ) ≤ ♯f−13,2 (A1) ∩ Conj(τ) =
2 · 22 = 8 by Lemma 5.3. By Proposition 6.16, we have ♯H ∩Conj(τ) ≤ a(τ, 2)10 =
5 · 212. Hence ♯H∩Conj(τ)♯Conj(τ) ≤ 5·2
12
219 =
5
27 . The same calculation as in the case
H/H1 ⊆ F shows
♯I\G/H
[G : H ]
≤ 2− 1
2
· 0 + 2− 1
22
· 0 +
6∑
i=2
2− 1
2i+1
· b(u, 2)10−i + 2
10−i
3 · 216−2i +
1
27
=
31
3 · 27 .
Consequently, δH ≥ 1− 3 · 733·29 − 4 · 527 − 6 · 313·27 = 512−73−80−24829 > 0.

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Proposition 3.5, Lemma 7.1 and Proposition 7.2 - 7.11 imply Theorem 3.9.
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